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WEINGARTEN SURFACES
in R3

S is a Weingarten surface (W-surface) if there is a relation between its curvatures: 

(k1 � k2 principal curvatures)principal curvatures

and it is an Elliptic Weingarten (EW) surface if the underlying PDE is elliptic:

Wk1Wk2 > 0 at points with W = 0on W�1(0)

or, equivalently

k2 = f(k1) with f strictly decreasingf 0 < 0

(k1 � k2)

(k1 � k2)

k1 = k2

W (k1, k2) = 0 with                                symmetric ( or                             )F (H,K) = 0W 2 C1(R2)

91↵ such that f(↵) = ↵.

• ↵ = 0  minimal type

• ↵ 6= 0  CMC type

of minimal type (includes planes)

of non-minimal type (includes spheres)



WEINGARTEN SURFACES
in R3

S is a Weingarten surface (W-surface) if there is a relation between its curvatures: 

and it is an Elliptic Weingarten (EW) surface if the underlying PDE is elliptic:

Wk1Wk2 > 0 at points with W = 0on W�1(0)

or, equivalently

k2 = f(k1) with f strictly decreasingf 0 < 0

(k1 � k2)

(k1 � k2)

k1 = k2

W (k1, k2) = 0 with                                symmetric ( or                             )F (H,K) = 0W 2 C1(R2)

Uniformly Elliptic Weingarten:

⇤1 < f 0 < ⇤2 < 0
(k1 � k2 principal curvatures)principal curvatures



SOME PARTICULAR THEORIES

- Constant Mean Curvature (CMC) and minimal surfaces

EW surfaces extend the theory of 

minimal and CMC surfaces


(from quasilineal to fully nonlinear elliptic PDE)

- Positive Constant Gaussian Curvature surfaces

k1

k1 = k2
k2

- Linear elliptic Weingarten surfaces: 
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2↵H + �K = � or

with                              (ellipt. condit.)
<latexit sha1_base64="BxZxb8R6F4CVfjUU6chA7ypintQ=">AAAB/HicbVDLSgNBEJz1bXytehIvg0EQhLAbfJ0k6MVjBKNCdg29k14zZPbBTK8QgvozehL15lf4A/6Nk5iDrzpVd1VDV0W5koY878MZG5+YnJqemS3NzS8sLrnLK+cmK7TAhshUpi8jMKhkig2SpPAy1whJpPAi6h4P9Isb1EZm6Rn1cgwTuE5lLAWQXbXctQBU3oGrKt/mQYQEPGijIjj0Wm7Zq3hD8L/EH5EyG6Hect+DdiaKBFMSCoxp+l5OYR80SaHwthQUBnMQXbjGpqUpJGjC/jDCLd+MM82pg3w4f/f2ITGml0TWkwB1zG9tsPxPaxYUH4R9meYFYSqsxWpxoThlfNAEb0uNglTPEhBa2i+56IAGQbavko3v/w77l5xXK/5eZfd0p1w7GhUxw9bZBttiPttnNXbC6qzBBLtnj+yFvTp3zoPz5Dx/Wcec0c0q+wHn7RPdMpON</latexit>

↵2 + �� > 0

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0



ELLIPTIC WEINGARTEN SURFACES - EXAMPLES
in R3

Complete rotational EW surfaces were classified by SaEarp&Toubiana (1999):


Non complete rotational EW surfaces were classified by —&Mira (2022):
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F I G U R E 1 Rotational surfaces satisfying the relation !1 = "!2. From left to right: ovaloid (" > 0), catenoid type with " ∈ [−1, 0) and
catenoid type with " < −1

3. Constant mean curvature surfaces. This is the case when " = −1. Then the surface has constant mean curvature # = $∕2.

A first result due to Chern proves that the sphere is the only ovaloid with the property that !1 is a strictly monotone decreasing
function of !2 [4]. Then this result applies for linear Weingarten surfaces when " < 0. For linear Weingarten surfaces, Hopf
proved in [9] that there do not exist closed analytic surfaces of genus greater or equal than 2 unless " = −1, that is, the surface
has constant mean curvature. He also proved that if the genus is 0 and the surface is analytic, then " or 1∕"must be an odd integer,
and for these values of ", there exist rotational examples. If we assume that the surface is %2, Hopf proved in the same paper
the existence of closed convex rotational surfaces for any " > 1 and $ ≤ 0: see also [13] for the existence of rotational closed
surfaces with other relations Φ(

!1, !2
). The particular case " = −1 is exceptional, that is, when the mean curvature is constant.

Hopf proved that the sphere is the only closed surface of genus 0 with constant mean curvature ([10]). It was conjectured for
long time that the sphere was the only closed surface with constant mean curvature. However, Wente found in 1986 an immersed
torus in ℝ3 with constant mean curvature ([24]). Later, Kapouleas proved the existence of closed surfaces with constant mean
curvature and arbitrary genus ([11]).

More recently, Papantoniou computed in [21] the differential equation of the generating curve when $ = 0 obtaining a first
integral in the parametrization of the surface: see also [19, 20] and some graphics in [12]. Let us observe that if $ = 0, then the
Gauss curvature is & = "!22 and thus, if " < 0, there do not exist closed surfaces. In this particular case of $ = 0, Barros and
Garay proved that all the parallels of these rotational surfaces are critical points for an energy functional involving the normal
curvature and acting on the space of closed curves immersed in the surface ([3]). On the other hand, the first author studied in
[16] linear Weingarten surfaces foliated by a uniparametric group of circles, proving that the surface is rotational or the surface
is one of the minimal examples of Riemann.

We point out that the relation Φ
(
!1, !2

)
= 0 in a surface implies a relation Ψ(# ,&) = 0 between the mean curvature # and

the Gauss curvature & . In the literature, surfaces where the function Ψ(# ,&) is linear have been considered, as for example, in
[5, 7, 17, 18, 22]. However we notice that, in general, a linear relation between # and & does not give a linear relation between
the principal curvatures !1 and !2, and vice versa.

From the above results, it is clear that the class of rotational linear Weingarten surfaces deserves to be known explicitly.
However, and surprisingly, up today these surfaces are not completely classified. In this paper we obtain a full classification and
description of all rotational linear Weingarten surfaces. A second purpose in this paper is to give a variational characterization
of the profile curve of this class of surfaces, which is also unexpected because variational methods are commonly associated to
the notions of the mean curvature # or the Gauss curvature & . We will prove a variational characterization of the generating
curve of a rotational linear Weingarten surface as a critical point of an energy functional involving a power of the curvature !
of the curve.

Convention. Along this paper, the principal curvatures of a rotational surface will be denoted by !1 and !2, where !1 will be
the curvature of the profile curve of the surface, while !2 denotes the normal curvature of the orbit of the rotation.

Returning to the classification of all rotational linear Weingarten surfaces, we have in mind the case " = −1 in (1.1), because
many of the surfaces that will appear in our classification of Section 4 share similar properties with the rotational surfaces
with constant mean curvature. Rotational constant mean curvature surfaces were characterized in 1841 by Delaunay proving
that they are generated by a roulette of a conic foci along the rolling axis ([6]). Then these surfaces are planes and catenoids
(minimal case), spheres, unduloids and nodoids. Unduloids and nodoids are periodic surfaces along the axis where unduloids are
embedded while nodoids are not. Unduloids may be viewed as smooth deformations of the cylinder, and the transition between
unduloids and nodoids occurs through spheres.

As a consequence of our classification, we will obtain a complete description of the rotational linear Weingarten surfaces
obtaining a variety of shapes which we now summarize: see Figures 1, 2 and 3. Denote by ' the generating curve. If the surface
does not meet the axis of rotation, we give the next definitions:

LÓPEZ AND PÁMPANO 737

F I G U R E 2 Rotational surfaces satisfying the relation !1 = "!2 + # with " > 0. From left to right: sphere, ovaloid, vesicle type, pinched
spheroid, immersed spheroid, cylindrical anti-nodoid type, circular cylinder, anti-nodoid type

F I G U R E 3 Rotational surfaces satisfying the relation !1 = "!2 + # with " < 0. From left to right: sphere, unduloid type, circular cylinder,
nodoid type

1. Catenoid type surfaces. The curve $ is a concave graph on some interval % of the axis. These surfaces only appear when
" < 0 and # = 0. There are two types depending if % = ℝ (−1 ≤ " < 0) or if % is a bounded interval (" < −1). The plane is
included here as an extremal case.

2. Unduloid type surfaces. Embedded surfaces which are periodic in the direction of the axis. Circular cylinders belong to this
family.

3. Nodoid type surfaces. Non embedded surfaces which are periodic in the direction of the axis and the curve $ has loops towards
the axis.

4. Anti-nodoid type surfaces. Non embedded surfaces which are periodic in the direction of the axis and the curve $ has loops
facing away from the axis.

5. Cylindrical anti-nodoid type surfaces. Non embedded surfaces asymptotic to a circular cylinder. The curve $ has a single
loop facing away from the axis.
Now, we turn to those surfaces that meet (necessarily orthogonally) the axis of rotation. All the surfaces have genus 0 except

in one case that the surface touches the axis at exactly one point.
1. Ovaloids. They are convex surfaces. The shape is like an oblate spheroid being more flat close to the axis as the parameter "

gets bigger. This case only occurs when " > 0. Round spheres are included here.
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FIGURE2Rotationalsurfacessatisfyingtherelation!1="!2+#with">0.Fromlefttoright:sphere,ovaloid,vesicletype,pinched
spheroid,immersedspheroid,cylindricalanti-nodoidtype,circularcylinder,anti-nodoidtype

FIGURE3Rotationalsurfacessatisfyingtherelation!1="!2+#with"<0.Fromlefttoright:sphere,unduloidtype,circularcylinder,
nodoidtype

1.Catenoidtypesurfaces.Thecurve$isaconcavegraphonsomeinterval%oftheaxis.Thesesurfacesonlyappearwhen
"<0and#=0.Therearetwotypesdependingif%=ℝ(−1≤"<0)orif%isaboundedinterval("<−1).Theplaneis
includedhereasanextremalcase.

2.Unduloidtypesurfaces.Embeddedsurfaceswhichareperiodicinthedirectionoftheaxis.Circularcylindersbelongtothis
family.

3.Nodoidtypesurfaces.Nonembeddedsurfaceswhichareperiodicinthedirectionoftheaxisandthecurve$hasloopstowards
theaxis.

4.Anti-nodoidtypesurfaces.Nonembeddedsurfaceswhichareperiodicinthedirectionoftheaxisandthecurve$hasloops
facingawayfromtheaxis.

5.Cylindricalanti-nodoidtypesurfaces.Nonembeddedsurfacesasymptotictoacircularcylinder.Thecurve$hasasingle
loopfacingawayfromtheaxis.
Now,weturntothosesurfacesthatmeet(necessarilyorthogonally)theaxisofrotation.Allthesurfaceshavegenus0except

inonecasethatthesurfacetouchestheaxisatexactlyonepoint.
1.Ovaloids.Theyareconvexsurfaces.Theshapeislikeanoblatespheroidbeingmoreflatclosetotheaxisastheparameter"

getsbigger.Thiscaseonlyoccurswhen">0.Roundspheresareincludedhere.
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in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0



GLOBAL GEOMETRY OF EW-SURFACES
in R3

Two EW-surfaces that are tangent at one point cannot lie one above the other 
(unless they are the same surface!)

S2

• EW-surfaces satisfy an elliptic fully nonlinear PDE and, 
as a consequence, a MAXIMUM PRINCIPLE.

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0



GLOBAL GEOMETRY OF EW-SURFACES
in R3

• Alexandrov type theorem:                                                                              
Compact embedded EW-surfaces are round spheres.

• Hopf type theorem (Hopf, Chern, Hartman & Wintner, Galvez & Mira):                                     
Genus zero compact EW-surfaces are round spheres.

• Half-space theorem for EW-surfaces of minimal type (SaEarp & Toubiana, —&Mira)

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

• EW-surfaces satisfy an elliptic fully nonlinear PDE and, 
as a consequence, a MAXIMUM PRINCIPLE.

• Finite total curvature theory for EW-surfaces of minimal type (Espinar & Mesa, 
2019)

• Study of properly embedded ends of EW-surfaces of non-minimal type (Rosenberg 
& SaEarp, 1994)



Our results: multigraphs

A multigraph is a surface in R3 that is a local graph in some
direction; i.e. N(⌃) lies in a hemisphere of S2.

The multigraph theorem
Any complete uniformly elliptic Weingarten multigraph is a plane.

I. Fernández, J.A. Gálvez, P. Mira, Quasiconformal Gauss maps and
the Bernstein problem for Weingarten multigraphs, arXiv, 2020

For CMC surfaces, it is a theorem by Hoffman-Osserman-Schoen.
We will only explain in this talk the case f (0) = 0.

in R3
TWO OPEN PROBLEMS FOR EW-SURFACES

• Bernstein (1909):  CMC (including minimal) entire graphs are planes.

• Hoffman & Osserman & Schoen (1982):  CMC complete multigraphs are planes.

- Bernstein problem is related with the size of the Gauss map 

  (Gauss map of graphs take values on an open hemisphere).

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

- MULTIGRAPH (local graph) = the Gauss map takes values on an open hemisphere.

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0



entire EW-graph 

of non-minimal type

(disjoint) sphere 

in the same EW family

!! (maximum principle)

x

AIM OF THE TALK (AND SOME REMARKS)

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

Bernstein Problem is trivial for the non-minimal typeREMARK 1
(but not the Generalized Bernstein Problem)



in R3
TWO POSSIBILITIES FOR THE FUNCTION f AIM OF THE TALK (AND SOME REMARKS)

REMARK 2 Bernstein Problem is solved for uniformly EW surfaces:

(k1 � k2)

(k1 � k2)

k1 = k2
PROOF 

- We can assume the graph is of minimal type. 


- Uniformly EW surfaces of minimal type have quasiconformal 
Gauss map, as noticed by SaEarp&Toubiana, 1999.


- Entire graphs with quasiconformal Gauss map are planes 
(Simon, 1977) 

(but not the Generalized Bernstein Problem)

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

Bernstein Problem is trivial for the non-minimal typeREMARK 1



in R3
TWO POSSIBILITIES FOR THE FUNCTION f AIM OF THE TALK (AND SOME REMARKS)

THEOREM A: GENERALIZED BERNSTEIN PROBLEM FOR UNIFORMLY EW SURFACES  (—,GÁLVEZ,MIRA, 2020)


Planes are the only uniformly EW complete multigraphs

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

REMARK 2 Bernstein Problem is solved for uniformly EW surfaces

Bernstein Problem is trivial for the non-minimal typeREMARK 1



in R3
TWO POSSIBILITIES FOR THE FUNCTION f AIM OF THE TALK (AND SOME REMARKS)

REMARK 3

(k1 � k2)

(k1 � k2)

k1 = k2
(k1 � k2)

(k1 � k2)

k1 = k2
(k1 � k2)

(k1 � k2)

k1 = k2

f(1) = �1 or f(1) 6= �1

Up to reverse the orientation, 

there are only 

TWO POSSIBILITIES:

Uniformly EW are 
here!

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

Up to reverse the orientation, there are TWO TYPES of EW equations:



f(1) 6= �1If                       , planes are the only EW entire graphs

THEOREM B: BERNSTEIN THEOREM FOR TYPE II EW-SURFACES (—, GÁLVEZ, MIRA, 2020) 

in R3
TWO POSSIBILITIES FOR THE FUNCTION f AIM OF THE TALK (AND SOME REMARKS)

REMARK 3

f(1) = �1 or f(1) 6= �1

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

Up to reverse the orientation, there are TWO TYPES of EW equations:



AIM OF THE TALK 

I. Fernández, J.A. Gálvez, P. Mira, 

Quasiconformal Gauss maps and the Bernstein problem for Weingarten multigraphs, Amer. J. Math.

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0

THEOREM A: GENERALIZED BERNSTEIN PROBLEM FOR UNIFORMLY EW SURFACES  (—, GÁLVEZ, MIRA, 2020)


Planes are the only uniformly EW complete multigraphs

f(1) 6= �1If                       , planes are the only EW entire graphs

THEOREM B: BERNSTEIN THEOREM FOR TYPE II EW-SURFACES (—, GÁLVEZ, MIRA, 2020) 



A.2 Planes are the only EW complete multigraphs with bounded 2nd f.f. 

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

Theorem A:  Planes are the only uniformly EW complete multigraphs

Strategy to prove Theorem A

‣ Strategy for CMC surfaces: 

- ROSENBERG-SOUAM-TOUBIANA: Blow-up process (the limit surface is minimal) 

- OSSERMAN: The image of the Gauss map of a complete minimal surface is 

dense (unless it is a plane)


‣ Key difficulty here: the limit could be no longer a W-surface!


‣ Bonus: the limit has quasiconformal Gauss map.

||II||2 = k21 + k22



Quasiconformal Gauss maps

- Uniformly EW of minimal type have quasiconformal Gauss map


- EW surfaces of minimal type and bounded 2nd f.f. have quasiconformal Gauss map


- Simon (1977): entire graphs with quasiconformal Gauss map are planes

A surface has quasiconformal Gauss map if its principle curvatures satisfies: 

Quasiconformal Gauss map

A surface ⌃ has quasiconformal Gauss map if

2
1 + 2

2  2� 1 2

for some � 2 R. For � = �1, we have H = 0.

L. Simon, 1977
Entire graphs with quasiconformal Gauss map are planes.

for some 

Quasiconformal Gauss map

A surface ⌃ has quasiconformal Gauss map if

2
1 + 2

2  2� 1 2

for some � 2 R. For � = �1, we have H = 0.

L. Simon, 1977
Entire graphs with quasiconformal Gauss map are planes.

1

2
1 = 2

1

2
1 = 2

Rn

Rn

That is, if its curvature diagram is contained in a region of the type: 

or

Key facts



The convergency:

The blow-up: We can construct a sequence of surfaces Sn = �n(Dn � pn)

1. ||IISn || < 2 and ||IISn(0)|| = 1,

2. diam(Sn) ! 1

3. Sn are uniformly elliptic Weingarten surfaces, with the same bounds for
the uniformly ellipticity condition.

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

The limit surface may not be EW, but:

1. Sn are uniformly bounded in the C2 norm.

2. Thanks to the uniformly elliptic condition, they are also uniformly bounded
in the C2,↵ norm (Nirenberg).

3. Thus, they converge in some C2,� norm to a surface S0.

1. is complete, non-planar, with bounded 2nd f.f.

2. has quasiconformal Gauss map

3. is a multigraph (the Gauss map is open)

Theorem A:  Planes are the only uniformly EW complete multigraphs

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 



- GET A CONTRADICTION:

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

D

p

S0 (multigraph)

Imagine the graph does 
not extend to this point.

Theorem A:  Planes are the only uniformly EW complete multigraphs

a piece of S0 is 
a graph over 

this disc

It cannot be an 
entire graph 

(Simon’s theorem)

q

- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 
quasiconformal Gauss map

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 



- the tangent planes become vertical.


- the discs converge            to a surface.


- the limit surface has quasiconformal Gauss 
map N.


- the image of N is contained in a closed 
hemisphere.


- N must be constant (non-constant 
quasiconformal maps are open)


Thus, the graph is asymptotic to a vertical plane

** *

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

Theorem A:  Planes are the only uniformly EW complete multigraphs

Imagine the graph does 
not extend to this point.

a piece of S0 is 
a graph over 

this disc

It cannot be an 
entire graph 

(Simon’s theorem) C1,↵

q

- GET A CONTRADICTION:

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 
- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 

quasiconformal Gauss map

Bounded 2 f.f. implies that

9� > 0 s.t. D�(p) ⇢ S has uniformly bounded geometry 8p 2 S

9� > 0 s.t. D�(p) ⇢ S has uniformly bounded geometry 8p 2 S

9� > 0 s.t. D�(p) ⇢ S has uniformly bounded geometry 8p 2 S

0

[HRS]



We can iterate this process and 
extend the graph along the line

and the graph does not 
extend to q

- Planes are the only complete multigraphs with bounded 2nd f.f. and quasiconformal Gauss map: 

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

Theorem A:  Planes are the only uniformly EW complete multigraphs

It cannot be an 
entire graph 

(Simon’s theorem)

A piece of S0 is a 
graph over this disc

The graph is asymptotic to a 
(piece of) vertical plane

The graph extends to a 

semi-tubular neighborhood 
(and it is asymptotic to the 
plane)

q

- GET A CONTRADICTION:

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 
- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 

quasiconformal Gauss map



IMPOSSIBLE

Imagine the graph 
does not extend to 
another point.

base curve of the 
limit vertical plane

the graph can be 
extended here


and is asymptotic to 
the vertical plane

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

Theorem A:  Planes are the only uniformly EW complete multigraphs

a piece of S0 is a 
graph over this disc

It cannot be an 
entire graph 

(Simon’s theorem)

- GET A CONTRADICTION:

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 
- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 

quasiconformal Gauss map



Graph over  
a half-spaceor

IMPOSSIBLE!


(Simon’s theorem 


also works for proper graphs)

.Graph over 

a band

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

Theorem A:  Planes are the only uniformly EW complete multigraphs

It cannot be an 
entire graph 

(Simon’s theorem)

It cannot be an 
entire graph 

(Simon’s theorem)

- GET A CONTRADICTION:

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 
- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 

quasiconformal Gauss map



QED

Theorem A:  Planes are the only uniformly EW complete multigraphs

- IMPOSSIBLE!

- Assume S has unbounded 2nd f.f: �n := ||IIS(pn)|| ! 1

- Perform a blow-up process 
- Obtain a non-planar complete multigraph S0  with bounded 2nd.f.f. and 

quasiconformal Gauss map

A.1 Uniformly EW multigraphs have bounded 2nd f.f.



A.2 EW complete multigraphs with bounded 2nd f.f. are planes 

- If the surface is of minimal type, then it has quasiconformal Gauss map and 
the result is true by the previous step.

- If the surface is of non-minimal type…

Theorem A:  Planes are the only uniformly EW complete multigraphs

A.1 Uniformly EW multigraphs have bounded 2nd f.f.

And also:  
Planes are the only complete multigraphs with bounded 2nd f.f. and 

quasiconformal Gauss map.



A.2 EW complete multigraphs with bounded 2nd f.f. are planes 

- If the surface is of non-minimal type…

Theorem A:  Planes are the only uniformly EW complete multigraphs

C = limit cylinder

⌦ ⌦(t)

9⌦ ⇢ C relatively compact domain
that can be deformed into ⌦t with

• @⌦t = @⌦

• W (k1(t), k2(t)) < 0 for t < 0

relatively compact domain 
9⌦ ⇢ C relatively compact domain
that can be deformed into ⌦t with

• @⌦t = @⌦

• W (k1(t), k2(t)) < 0 for t < 0

9⌦t deformation with 

Impossible!


(comparison principle for surfaces)

Similar arguments as in the previous step lead to:  

a piece of S can be extended to a graph that is asymptotic to a piece of a 
vertical cylinder

D

TRANSLATE DOWNWARDS

Q.E.D



A.2 Planes are the only EW complete multigraphs with bounded 2nd f.f. 

A.1 Prove curvature estimates (bounds for the 2nd f.f.) for uniformly EW multigraphs.

- Minimal type: the Gauss map is quasiconformal. (A.2. is true thanks to the previous result)


- Non-minimal type: control of the asymptotic behavior + deformation arguments 

Theorem A:  Planes are the only uniformly EW complete multigraphs

Summary of the proof

Q.E.D.

Assume S has unbounded 2nd f.f.


-  blow-up process converging to a non-planar multigraph with bounded 2nd f.f. and 
quasiconformal Gauss map. 


-  planes are the only complete multigraphs with bounded 2nd f.f. and quasiconformal 
Gauss map. 


Thus, S has bounded 2nd f.f.



PROOF 


Since f is bounded, we can find a such that the 

parallel surface at distance a is:


- a (regular) complete multigraph 


- with bounded 2nd f.f. and  

- quasiconformal Gauss map. 

Theorem B:  Planes are the only EW entire graphs if f(1) 6= �1

(k1 � k2)

(k1 � k2)

k1 = k2

f(1) = �1 or f(1) 6= �1

TWO POSSIBILITIES FOR f :

(k1 � k2)

(k1 � k2)

k1 = k2

EW surface: k2 = f(k1) with f strictly decreasing, f 0 < 0

(uniformly EW 


are here)

Q.E.D.

Planes are the only complete multigraphs with 
bounded 2nd f.f. and quasiconformal Gauss map.

(ALREADY PROVED IN THEOREM A) 

Thus, the result follows from the fact that



- Theorem A:  Planes are the only uniformly EW complete multigraphs

AND THAT’S THE END…

RESULTS
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Quasiconformal Gauss maps and the Bernstein problem for Weingarten multigraphs, Amer. J. Math.

f(1) 6= �1- Theorem B: Planes are the only EW entire graphs if

 Are planes the only EW entire graphs? 

BERNSTEIN PROBLEM: (PROPOSED BY ROSENBERG & SAEARP IN 1994)

 Are planes the only EW complete multigraphs? 

(PROPOSED BY SAEARP & TOUBIANA IN 1999)GENERALIZED BERNSTEIN PROBLEM: 

FURTHER QUESTIONS

- The Bernstein problem remains open when f is not bounded and not uniformly elliptic


- Related with Simon’s theorem: are planes the only complete multigraphs with 
quasiconformal Gauss map?

in R3
EW = Elliptic Weingarten:
k2 = f(k1) with f strictly decreasingf 0 < 0
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