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1) Killing Submersions

Definition
A Killing submersion is a (semi-)Riemannian submersion π : E→M , where E andM are
orientable and connected, such that the fibers of π are the integral curves of a nowhere vanishing
(temporal) Killing vector field ξ.

G = {φt}t: one-parameter group of isometries of E associated to ξ (vertical translations).
If Gy E is free and proper =⇒ π : E→M is a Killing submersion, where M = E/G is
a unique orientable Riemannian surface.
Basic Features:

Killing length: µ = ‖ξ‖ ∈ C∞(E).

Bundle curvature: τ ∈ C∞(E) such that τ(p) = − ε
µ(p)
〈∇e1ξ, e2〉

Theorem (Lerma–Manzano): If E is simply connected =⇒ E = E(M,µ, τ, ε = ±1)

If a fiber has finite length, then all have finite length.
π admits a global section provided that:
I the baseM is not compact, or
I the fibers of π have infinite length

(∫
M

τ
µ 6= 0

)
.

E(M, τ, µ) = E(M, τ, µ, 1) L(M, τ, µ) = E(M, τ, µ,−1)
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1) Killing submersions: Killing graphs

d ∈ C∞(E) is s.t. p = φd(p)(F0(π(p)))

u ∈ C2(M) =⇒ ū ∈ C2(E) =⇒ (d−ū) ∈ C2(E)

N =
ε∇(d− ū)∥∥∇(d− ū)

∥∥
E

‖∇(d− u)‖2E = ε
µ2 + ‖Gu‖2

where Gu = ∇u− Z with Z = π∗(∇d) ∈ X(M)

2Hµ = div

(
µ2Gu√

1 + εµ2‖Gu‖2

)
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1) Killing submersions: local model

(M, gM ) ' (U ⊂ R2, λ21dx
2 + λ22dy

2)

e1 = ∂x
λ1
, e2 = ∂y

λ2
orthonormal basis

CM,τ,µ(x, y) = 2

∫ 1

0
s
τ(sx, sy)λ1(sx, sy)λ2(sx, sy)

µ(sx, sy)
ds.

a =
−εyCM,τ,µ

λ1
, b =

εxCM,τ,µ

λ2
.

=⇒ (E, gE) ' (U × R, ds2)

ds2 = λ21dx
2 + λ22dy

2 + εµ2 (dz − λ1adx− λ2bdy)2

E1 = ∂x
λ1

+ a∂z E2 = ∂y
λ2

+ b∂z E3 = ∂z
µ

Z = ae1 + be2 =⇒ div(JZ) = −2ετ
µ

R(X,Y, Z,W ) = −τ2〈X × Y, Z ×W 〉 − (KM − 4ετ2)〈X × Y,E3〉〈Z ×W,E3〉
+ 〈X × Y,E3〉〈Z ×W,E3 × T 〉+ 〈Z ×W,E3〉〈X × Y,E3 × T 〉

+ ε
µ

Hess(µ)((X × Y )× E3, (Z ×W )× E3)

where T = ∇τ + 2τ
µ
∇µ
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2) The conformal Calabi-type duality

Theorem: Conformal duality

LetM be a simply connnected Riemannian surface and let τ,H, µ ∈ C∞(M) be arbitrary
functions such that µ > 0. There is a bijective correspondence between

a) entire graphs in E(M, τ, µ) with prescribed mean curvatureH , and

b) entire spacelike graphs in L(M,H, µ−1) with prescribed mean curvature τ .

Sketch of the proof:

F0 : M → E(M, τ, µ)

=⇒ ∃Z ∈ X(M) | div(JZ) = −2τ/µ

F̃0 : M → L(M,H, 1/µ)

=⇒ ∃Z̃ ∈ X(M) | div(JZ̃) = 2Hµ

u ∈ C∞(M) | div

(
µ2Gu√

1 + µ2‖Gu‖2

)
= 2Hµ = div(JZ̃)

=⇒ ∃v ∈ C∞(M) |
µ2Gu√

1 + µ2‖Gu‖2
− JZ̃ = −J∇v =⇒

µ2Gu√
1 + µ2‖Gu‖2

= −JG̃v

µ4‖Gu‖2

1 + µ2‖Gu‖2
= ‖G̃v‖2 ⇔

1

1 + µ2‖Gu‖2
= 1− µ−2‖G̃v‖2.

div

 µ−2G̃v√
1 + µ−2‖G̃v‖2

 = div(JGu) = div(J∇u)− div(JZ) =
2τ

µ
,
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3) Entire spacelike graphs with prescribed mean curvature in L3

Theorem
IfH ∈ C∞(R2) is such that

1. H is invariant with respect to a one-parameter group of isometries of R2, or

2. H is bounded and∇H is also bounded,

then, there exists an entire spacelike graph in L3 with mean curvatureH .

Sketch of the proof:
Idea: Find an entire minimal graph in R3

H = E(R2, H, 1) and use the conformal duality.

H invariant by isometry =⇒ H = H
(√

x2 + y2
)

orH = H(x).

H = H
(√

x2 + y2
)

H = H (x)

R3
H ≡ (R3, ds2) R3

H ≡ (R3, ds2)

ds2 = dx2 + dy2 + [dz + C(ydx− xdy)]2 ds2 = dx2 + dy2 +
[
dz −

(∫
2H(x)dx

)
dy
]2

z = 0 is minimal. z = 0 is minimal.

Lemma
For each r > 0, there is a minimal graph Σr in R3

H overDr = {(x, y) ∈ R2 : x2 + y2 < r2} with
vertical normal at (0, 0).
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3) Entire spacelike graphs with prescribed mean curvature in L3

∀n ∈ N, Σn is the minimal graph of un inDn with Gu(0, 0) = (0, 0) and u(0, 0) = 0
∀r > 0,Dr × R ⊂ R3

H has bounded geometry =⇒ ∃Σr,∞ = lim
n→∞

Σn inDr
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3) Entire spacelike graphs with prescribed mean curvature in L3

∀n ∈ N, Σn is the minimal graph of un inDn with Gu(0, 0) = (0, 0) and u(0, 0) = 0
∀r > 0,Dr × R ⊂ R3

H has bounded geometry =⇒ ∃Σr,∞ = lim
n→∞

Σn inDr

Σrn,∞ ⊂ Σrn+1,∞ =⇒ ∃Σ∞ = lim
n→∞

Σrn,∞ will be a complete minimal graph over a strip,

or a halfplane, or the entire plane.
H and∇H bounded =⇒ Mazet’s general halfspace theorem can be applied to discard the first
two cases.
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Thanks for
your attention!
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