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1) KILLING SUBMERSIONS

A Killing submersion is a (semi-)Riemannian submersion w: E — M, where E and M are
orientable and connected, such that the fibers of 7 are the integral curves of a nowhere vanishing
(temporal) Killing vector field &.

G = {¢¢},: one-parameter group of isometries of I associated to & (vertical translations).
If G ~ Eis free and proper — 7: E — M is a Killing submersion, where M = E/G is
a unique orientable Riemannian surface.

BAsic FEATURES:
m Killing length: u = ||¢]| € C°(E).

m Bundle curvature: 7 € C*° () such that 7(p) = M(P) (Ve &, e2)

m Theorem (Lerma-Manzano): If E is simply connected = E = E(M, p, 7,6 = £1)
m If a fiber has finite length, then all have finite length.
m 7 admits a global section provided that:

P the base M is not compact, or

P the fibers of 7 have infinite length (IM e 0).
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1) KILLING SUBMERSIONS: KILLING GRAPHS

) d € C®(E) is s.t. p = ¢g(p) (Fo(m(p)))

v ) 7.-¢’u(q) (p) >

u€C*(M) = acC*E) = (d—a) € C%(E)

_ eV (d —a)
[V(d - )l

IV(d - B)llg = ;5 + IGul®

Iy

where Gu = Vu — Z with Z = 7,.(Vd) € X(M)
M

. uzGu
2Hp = div | —
V1+ep?||Gull?



1) KILLING SUBMERSIONS: LOCAL MODEL

(M, gnr) ~ (U C R?, A2da? + X2dy?)

el = ‘Z—T, ey = %’ orthonormal basis

1 . by 5 by 5
CI\/I,T,,U«('Tv y) = 2/ S T(Sw, Sy) L (sac, sy) 2(8%, sy) ds.
0 u(sz, sy)

_ —€y CJ\/I,T,/J,
)

bh— €T CIW,T,,U,
)\1 >\2 .

= (E,g8) = (U X R,ds?)
ds? = Nda? + N3dy? + ep® (dz — Madz — Aabdy)?

Elzi—f—&-a@z EQZ%J"I)@Z Egi%

Z = ae1 +bes = div(JZ) = #

R(X,Y,Z,W) = —12(X XY, Z x W) — (Kpr — 4em?)(X X Y, E3)(Z x W, E3)
+ (X XY,E3)(Z x W,E3 XT)+(Z x W,E3){X XY,E3 xT)
+ iHeSS(H)((X XY) X E3,(Z x W) x E3)
where T = V7 + Qfﬁu



2) THE CONFORMAL CALABI-TYPE DUALITY

Theorem: Conformal duality

Let M be a simply connnected Riemannian surface and let 7, H, u € C°° (M) be arbitrary
functions such that p > 0. There is a bijective correspondence between

a) entire graphs in E(M, 7, i) with prescribed mean curvature H, and

b) entire spacelike graphs in IL(M, H, u~ 1) with prescribed mean curvature 7.

SKETCH OF THE PROOF:

Fo: M — E(M, 1, p) Fo: M — L(M, H,1/p)
— 3Z € X(M) | div(JZ) = =27/ — 3Z € x(M) | div(JZ) = 2Hp
QG _
we (M) | div [ —EZ% | = 2Hu = div(JZ2)
V14 p2||Gull?
2G _ 2G _
= JeC®M) | —~ 2% JZ=—gVu = —E T jéw
1+ p2[|Gull? 1+ p2(|Gul?
4 2
pH|Gull o012 1 =217, 12
— =GV ———= =1— Go||“.
e i e N e Te ER
u*2év 27

div = div(JGu) = div(JVu) — div(JZ) = —,
1

V14 =2 G2
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3) ENTIRE SPACELIKE GRAPHS WITH PRESCRIBED MEAN CURVATURE IN [L?

If H € C>(R?) is such that
1. H is invariant with respect to a one-parameter group of isometries of R?, or
2. H is bounded and V H is also bounded,
then, there exists an entire spacelike graph in L3 with mean curvature H.
SKETCH OF THE PROOF:
Idea: Find an entire minimal graph in IR E(R H, 1) and use the conformal duality.
H invariant by isometry —> H = H( ) or H = H(x).

H:H(\/m) H=H @)

3 = (R3,ds?) R3, = (R3,ds?)
ds? = dx? + dy? + [dz + C(ydx — zdy)]? ds? = da? + dy? + [dz — ([ 2H (z)dz) dy]2
z = 0 is minimal. z = 0 is minimal.

Lemma

For eachr > 0, there is a minimal graph %, in R3; over D, = {(z,y) € R? : 22 + y% < r2} with
vertical normal at (0, 0).



3) ENTIRE SPACELIKE GRAPHS WITH PRESCRIBED MEAN CURVATURE IN [L?

Vn € N, X, is the minimal graph of u,, in D, with Gu(0,0) = (0, 0) and u(0,0) = 0
Vr > 0,D, xR C ]R% has bounded geometry —> 33, oo = lim Y in Dy
n oo
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3) ENTIRE SPACELIKE GRAPHS WITH PRESCRIBED MEAN CURVATURE IN [L?
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Vr > 0,D, xR C ]R% has bounded geometry —> 33, oo = lim Y in Dy
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D,,

Yrp,00 CEryig,00 = ¥ o = lim ¥, o will be a complete minimal graph over a strip,
n— 00

or a halfplane, or the entire plane.

H and VH bounded = Mazet’s general halfspace theorem can be applied to discard the first
two cases.
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