Capitulo 5.
Linear systems.



Topic Objectives

e Basic concepts. Expressing the solution using parameters.
Linear combinations and systems.

e (Gaussian elimination method.
e Cramer’s rule.

e Vector subspaces. Expressing the solutions of a homoge-
neous linear system using linear combinations.

e Basis, dimension, and coordinates.

e Representation of lines and half-planes in R?. Linear pro-
gramming.




1 Basic concepts

Definiciéon 1. A linear system with m equations and n ordered
variables or unknowns, (x1,xs,...,2,), is a set of equations of
the form

)
a11T1 + a1y + - -+ + a1, = by
A21T1 + Q99T + + -+ + Aoy Ty = bo

| A1 %1+ Qa2 + 0 F ATy = by

where foreachi=1,....m,3=1,...,n:

o a;; € R is called the (7, 7) coefficient of the system.
e b, € R is called the ¢-th constant term of the system.

® Ty,%o,...,T, are called the unknowns of the system and are
symbols representing an unknown value to be calculated.

We call a solution of the system any n-tuple of real numbers
(s1,89,...,8,) € R" such that if in the system, for all ¢ =
1,...,n, wesubstitute x; by s;, all its equations are true. Solving
a system means finding the set of all its solutions.



We will say that the system is:

e homogeneous if Vi =1,...,m, b, =0.

e non-homogeneous if for some i € {1,...,m}, b; #0.

In a system, unknown data different from the variables may
appear, which we will call the parameters of the system.



Definicion 2. Given the linear system

)
111 + A19T92 + -+ + A1 Ty = b1
A21T1 + Q29T + + -+ + Aoy Ty = bo

| Am1d1 + AmaTe + -+ Ay = by

we call:

e Coeflicient matrix of the system to the m X n matrix:

a1 aip ... Qip
as1 a2 ... A9p

A= . : : S men-
aAm1 Am2 ... Amn

e Column of constant terms of the system to

b1
ba
B — : c mel.
b,
X1
L2

e Column of variables of the system to X =



e Matrix equation of the system or matrix form of the system

to
X1 by
a1 a2 ... Qip 5 bg
' : ' — < A X =B.
ami1 Am2 ... A . '
m m mn T, bm

e Augmented matrix of the system to the matrix

ai; a2 ... G, | b

A* = (A|B) =

Aml Am2 .. Gmp | O,



Ejemplos 3.
1) Consider the following system of two equations and variables

(x,y, 2):
r+2y+z=1
r+y—22=3

X
12 1 1
=005 =) x|

The matrix equation of the system is
(1
- \3

12 1)

11 =2
12 1 1
11 =213/

8

N

and the augmented matrix is



Furthermore, it is easy to check that (5,—2,0), (10, —=5,1),
(0,1, —1) are solutions of the system.

T =05
(5,—2,0) is a solution since taking ¢ y = —2
z =20

([ [5+2(-2)+0=1
5+(=2)—20=3
or

(1) (2)-0)

we have

\



2) The system

(24 2y — 2+ 2w =12
Y+ 2+ 3w =10
r+2y—3z+2w=14

| 2r —2y+4z+dw =9

'\

has four equations and four variables.

1 2 —12 x 12
01 1 3 [wy]_110
1 2 —-32 Z 14
2 =2 4 5 w 9
[t can be checked that the only solution is
(z=1
: Yy =2
(1,2, —1,3) or equivalently < S
| w=3




3) Let us try to solve the system in the variables x and y,
{r+y=3.

[f we intend to calculate x, we must know the value of y. So for
example,

o ify=1then 2x=3-y=3-1=2,
4

xr =2,y = 1is a solution,
o ify=—7then xt=3—y=3—(-7) =10,

Y
xr =10,y = —7 is a solution,
e ify=0then x=3—-y=3-0=3,
Y

x =3,y = 0 is a solution,
ete.

Instead of giving different values, generically we can assume that
y takes a certain value o

rT+y=23
Y=«

whose solution is evidently

{ng_a or in another way (3 — «, a).
y=a

9



By giving values to the parameter a we obtain all the solutions
of the system. Thus we have,

€T —
y=1"

a=1

—— (2, 1) or in another way {
—— (10, =7) or in another Way{ v =10 ;
a=—7 Y= —7
(3 — &, Oé)

r =3
y=0"
x =0
y=3

a=20

—— (3,0) or in another way {

—— (0,3) or in another way {

a=3

and in general we will have infinitely many solutions correspond-
ing to all other possible values of a.. The set of all solutions will

be
{(3—a,a):acR}.
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4)
rT+y+z+w=2
r—y+z—2w=1"

(r+y+ztw=2

rT—Y+z—2w=1

2= '
(w=75
Since we have assumed we know the variables z and w, we sub-
stitute them by their values and leave on the left-hand side of
each equality only the variables we still do not know,
(zs+y=2—a—§
r—y=1—a+20

2=«
| W=7
In this way, we are left to solve the system
{x+y:2—a—/3
r—y=1—a+28 "

which has two variables and two equations. To do this it will
suffice to add or subtract the two equations from each other as
follows:

> 20 =3 — 2
T+y=2—o— 5 adding the equations v Oé_l_ﬁ
r—y=1—a+20 y 20=1—30

subtracting the equations

11



and the final solution is

(1 — 3—2a+p
2
_ 13 39 1 -3
4 2 or in another form, ( o 5, B, a, ).
Z =« 2 2
| w=p

The system has infinitely many solutions, all of which are ob-
tained by giving values to the parameters o and 3. For example,

a=1,8=0 = (31,1,0)

a=1,8=1— (1,-1,1,1)

the other solutions can be obtained in this way. Thus, the set of
all solutions of the system is

3—2a+p8 1—-383
R

o, B) €RY:a, B €R).

When a system has a unique solution, as in example 4), it is
not necessary to use any parameter to solve it. Only when a
system has several solutions will we need to use parameters to
express them.
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Definicion

4. Given the linear system with m equations and n

ordered unknowns (x1, xa, ..., Ty,),

)
a11r1 + a19xe + - -+ + a1, = by
911 + A99XL9 + * * + + ALy = bg

oooooooooooooooooooooooooooooooo

the system

111 + A19T9 + -+ + A1, Ty = b1
A21T1 + Q29T + + -+ + Aoy Ty = bo

Am1T1 + Ap2lo + « -+ + AppTy = O

\[EZ':OKZ'

resulting from adding to the initial system the equation x; = «,
is said to have been obtained by taking the variable x; as a
parameter via the parameter o;.

Of course, in a system it is possible to successively take different
variables as parameters.
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Definicién 5. A linear system is said to be:

e consistent: If it has at least one solution.

e inconsistent: If it has no solution.

e undetermined: If it has more than one solution.
e determined: If it has a unique solution.

¢ d-dimensional solution: If in the system d variables can
be selected such that the resulting system upon taking them
as parameters is consistent and determined. That is, if all its
solutions can be expressed by taking d variables of the system
as parameters.

14



Schematically we have:

( Determined

(unique solution)
Consistent [ 1-dimensional solution.
T, Undetermined 2-dimensional solution.

\

| | d-dimensional solution.

(several solutions)

Inconsistent

(no solution)

\

[t 1s evident that:

e A homogeneous system is always consistent.
e A system that needs parameters to be solved is undetermined.

e A consistent and determined system does not need any pa-
rameters (it is a 0-dimensional solution system).

15




Ejemplo 6. Consider the system

r+y=>0
r+y=1"

It 1s evident that it has no solution.
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Teorema 7 (Rouché-Frobenius). Consider a linear system
with m equations and n unknowns expressed by its matrizc
form:

A-X =8B,
1 b1
where A € M, xn, X = 'I:Z and B = b.2 Then:
Ty bim

i) The system is consistent < rango(A) = rango(A|B).

i) The system is determined < rango(A) = rango(A|B) =
n = number of unknowns.

i) The system has a d-dimensional solution (d > 0) <
n — rango(A) = d.
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Ejemplos 8.

1) The system

(2r—y+z+w=3
y—2z+w=2

20+ z+w=—1
|2+ 3y+z+2w=4

has coeflicient and augmented matrices equal to

2 —1 1 1 2 -1 1 1] 3
0 1 —11 O 1 —-11] 2
A=1g ¢ 1 1| ad WB=|5 ¢ 1 1
2 3 1 2 2 3 1 2] 4
We have
rango(A) = 4, rango(A|B) = 4.
Therefore

rango(A) = rango(A|B) = 4 = no. of variables

and the system is consistent and determined.
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2) The system

(20 —y+224+w=3
rT+2z2+w=3
y+224+w=3

| T =2y — 2z —w=—3

/"

has coeflicient and augmented matrices equal to

2 -1 2 1 29-1 2 1 3

10 2 1 10 2 1 3
A=101 2 1 and (AIB)= |, 1 5 | 3

1 -9 —2 —1 1 -2 —9 -1 —3
We have

rango(A) =2, rango(A|B) = 2.
Therefore
rango(A) = rango(A|B) = 2 < no. of variables
and the system is consistent and undetermined with a

n — rango(A) = 4 — 2 = 2-dimensional solution.
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3) The system

(20 —y+224+w=3
rT+224+w=23
y+2z24+w=3
xT—2y—2z—w=7

\
has coeflicient and augmented matrices equal to

2 -1 2 1 29 -1 2 1

10 2 1 10 2 1
A=101 2 1 and (A|IB)= [, 1 5 ;

1 -9 —2 —1 1 -9 —2 —1
We have

rango(A) =2, rango(A|B) = 3.

Therefore
rango(A) # rango(A|B)

and the system is inconsistent.

-~ W W W
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2 Gaussian elimination method

Definicion 9. Given the system

)
111 + A19T92 + -+ + A1 Ty, = b1
A21T1 + Q29T + + -+ + aopTy, = bo

X Am1T1 T Qm2Zo + -+ + QmpZy = bm

we call the detailed matrix of the system the matrix

( ry To ... X, | 0O \
( b
aip a2 ... Qain 1
numerical < ast ao2 ... A9y b2
rows : :
X \aml aAm2 .. Amp bm)

variable columns

Numerical rows of the detailed matrix are all its rows except the
first one, and variable columns of the detailed matrix are those
columns whose first element is one of the variables z;.

21



Ejemplos 10.

1)

r1+ 219+ 13+ 0614 = 1
—T — 229+ 203 — T4 = 2

22

X1 To I3 T4

I 2 1 6
2 4 -1 3
-1 -2 2 -1

N — —=| O



T
2) Corresponding to the detailed matrix | 1 is

NI NS N~
W X
|
—_

—1

T+2y+z=-—1
—r+2y+3z2=2"

If we modify the detailed matrix we will also be modifying the
corresponding system.

xr yz| 0 xr yz| 0
* 1 21| —-1] —— -1 23] 2
—123 2) "o 1 21| -1
)
—x 42y 4+ 3z = 2
{x—l—Qy-l—z:—l
xr yz| 0 y x z| 0
* 1 21|-1)] —— 2 1 1] -1
123 2) % \2-13] 2
)
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xr yz| 0
1 21| -1
—1 23 2
x yz| 0
1 21| -1
—1 23 2

20 +4y + 22 = =2
—T + 2y + 3z =2

\

4
F3=F3+F2

xyz| 0
—1
1

2
0 4

oo

r+2y+z=-—1
dy +4z =1

24



Definicion 11. We call an elementary operation for the de-
tailed matrix of a system any of the following actions:

1. Modify the order of the numerical rows.
2. Modify the order of the variable columns.
3. Multiply a numerical row by a non-zero number.

4. Add to a numerical row another numerical row multiplied by
a number.

25



We must, therefore, iteratively follow these steps:

. We select one of the variable columns.

. In the selected column we choose a non-zero element (pivot),
which must be at a height different from those selected in
previous steps.

. Using the pivot, we nullify the elements of the selected col-
umn.

26



Then we say that the system is in reduced row echelon form.
A system in reduced row echelon form is solved immediately
taking into account the following points:

e If after reducing the matrix through elementary operations a
row appears with all its elements zero in the variable columns
and the element in the constant term is non-zero, then the

system will be inconsistent.

Ejemplo 12. In the following detailed matrix,

rT Yy 2z w

0

1 0 =11
0 -1 2 3
0O 0 0 0

—1
2 ?
2

a complete row of zeros appears accompanied in the constant
terms by a non-zero element. If we write the equation corre-

sponding to this row we would have

Oz + 0y + 0z + 0w = 2

and it is evident that no valid solution exists for this equation.
Therefore the system is inconsistent.
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e We will solve for the variables corresponding to the columns
we have reduced.

e We will take as parameters the variables corresponding to the
columns that have not been reduced.

Ejemplo 13. In the following matrix,

(X Yy Z W 0\

1 1 01]-1

0 -123] 2]’

\0 0 00 0
(r+y+w=—1, (2=—-1—a— 0,
<—y+22+3w:2,:>< z:1+%—%ﬁ,
Yy =, y=aq,
| w=7 L w=0.

(2=—-1—a—8,
Yy = a,

T z-1+43-38
L w=0.
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Ejemplos 14.
1) Let’s solve the system

_/\

The detailed matrix of the system is

r$1+$2—2$3—|—2$4—|—$5:3
br1 + 3x9 — 3x3 + 4wy + 225 = 4
31+ 229 — 23+ 204 + x5 =1
201 +4x9 — 223+ 24 =1

\ 3x1+4x9 — 223+ x4 =1

Let’s obtain the reduced row echelon matrix. To do this, we
will take different pivotes, all at different heights, to nullify each

(ﬁCl X9 X3 X4 Ty O\
1 1 -2 2 1713
5 3 =3 4 2 4
3 2 —1 2 1|1
2 4 =21 0 |1

\2 4 21 01

29




column.

(331 X9 X3 X4 Ty O\
I 1 =22 113
b 3 =3 4 2 4
3 2 —1 2 1|1
2 4 =21 0|1
\2 4 21 0 1
(pivot=2"1 element of the 1%* column) X1 X9 I3 T4 Iy 0 \
> 1 1 =2 2 1 3
F3 = '3 - 5F2 0 2 -7 —6 —3 | —11
F4 = F4 - 3F2 O —1 5 —4 —2 —8
F5 = F5 - 2F2 0O 2 2 -3 =92 -5
F6 = F6 - 3F2 KO 1 4 -5 —3 _8)
(pivot=6" element of the 2" column) ( 513_1 X9 X3 T4 Ty 0 \
> 10 -6 7 4 11
F2 = F2 - F6 0 0 15 —16 —9 | —27
F3 = F3 4 2F6 O 0 9 —9 —5|—-16
F4 =F4 + F6 0O 0 —6 7 4 11
F5 = F5 - 2F6 \o 1 4 —5 =3 —8)
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(pivot=4'" element of the 3" column) X1 9 I3

| cond 8

Qtrwiro

Wb
Nel N

> 1

F2=F2+ 3 F4 0
F3=F3- 1 F4 0
F5 = F5 + 2F4 0
F6 = F6 - F4 0

(pivot=3" element of the 4" column) r1 o T

> 1

F2 =F2 + F3 0
F4 = F4 - 9F3 0
F5 =F5 + F3 0
F6 = F6 - F3 \ 0

31

-
Wl

= o O O O
O =

Nelj=m




Reordering and dividing

(

561:0
3:2_—§+%CY
=
334:%—%04
\56'5:05
or in the form (O,—§+1a,—5—l&,l—g&,&)

9 9 9 9 '3 3

as a function of the parameter «.
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2) Let us now study the system

f2£131—5172—|—35133—|—2334:1
3x1 — 229 +4x3 =2
1+ 209+ x4 =1
3.I'1—|—3.I'2—|—$3:2

\2$1+$2+$3—ZE4:2

L\

To do this we will try to reach its row echelon form.

(xl To T3 X4 O\
2 —1 3 2 |1
3 =2 4 0 |2
1 2 0 1 |1
3 3 1 0 |2
\2 1 1 -1 2
(5171 To T3 T4 O\
(pivot=4" clement of the 4" column) 0 -5 3 0 | —1
> 3 —2 4 0 2
F2 = F2 - 2F4 1 2 0 1] 1
F6 = F6 + F4 3 3 1 01 2
\3 3 10 3)
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(pivot=5'" element of the 3" column) (371 2 8 ’ \
pivot=5"" element of the cotumn —9 —]_4 O O _7
F2 = F2 - 3F5 —9 =160 9 0
F3 = F3 -4F5 ; g % % ;
F6 = F6 -F5 ~
\0 0 00 1)

We could actually continue reducing columns but we observe that
a row appears, the last one, all zeros accompanied by a non-zero
constant term. Without needing to reach reduced row echelon
form we deduce that the system is inconsistent.
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3 Cramer’s Rule (Solving systems via in-
verse matrix calculation)

Given any system we can always extract its matrix equation
which will be of the form

I b1

X9 b2
AX =B, A€My, X = . B=|"

T b,

Then, it is possible to apply the rules for manipulating matrix
equalities to solve the system. In fact, it would suffice to solve
for X in that matrix equation to arrive at the solution in the
form

X =A"1.B.

A system that satisfies these conditions and that can be solved by
solving for the coeflicient matrix is called a 'Cramer’s system’.
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Propiedad 15. Consider the system with n equations and

variables (xy, To, ..., x,), given by its matriz equation
A-X =B
where
by 1
A= (a)on. B=|"| and x=|"
b, o

Then, if |A| # 0 the system is consistent and determined and
its solution is

X:Ali%T%NMMWB )
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The last expression in (1) is what is usually known as Cramer’s
rule. Generally, Cramer’s rule is presented by developing the ma-
trix product indicated in the property, solving for each variable
individually. It then takes the following formulation:

aijg -+ ari—1 by a4 oo aiy
Qp1 *°° Api—1 bn Api+1 " Apn
Li = ) L= ]-7 y T
11 - Ain
Qp1 **° Qpn

Note that in these formulas, for the calculation of the 7-th vari-
able, the denominator contains the determinant of the coefficient
matrix and the numerator contains the determinant of the ma-
trix resulting from replacing the 2-th column of the coefficient
matrix with the constant terms of the system.

Ejemplo 16. Let’s try to solve the system

3x 42y — 2 =9,

20+ y+ 2z =2,

T+ 2y+2z =—1.
using the previous ideas. First we must verify that the system
is indeed a Cramer system, i.e., that it has the same number of
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equations as variables, which is evident, and that the determinant
of the coefficient matrix is different from zero. So we begin by
calculating the determinant of the coefficient matrix:

32 —1
21 1 ||=-9+#0.
12 2

Since the determinant is non-zero, the system is indeed a Cramer
system. Now we can follow two paths to solve the system. First,
we could use matrix calculation as it appears in equation (1)
and, second, it would be possible to resort to the Cramer’s rule
equations. Let’s see how we would proceed in both cases.

Method 1: Via matrix calculation. We write the system
using 1ts matrix expression,

32 —1 T 9
21 1 Nyl =1 2
12 2 z —1

Since the coefficient matrix is square and has a non-zero deter-
minant, we can calculate its inverse and solve for it in the last
equality as follows:

N\ /9

3
= |2
1

SIS
DO — DO

1 :
2 —1
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We can calculate the inverse of the coeflicient matrix using any
of the methods we know for this. In this case, we obtain

32 -1\ /0 6 -3
21 1| =513 75
12 2 3 4 1

Now we substitute the inverse by its value and perform the matrix
products that appear to obtain the final result

— 15
z\ ;[0 6 =3 9 1 g
2 -3 4 1 —1 —20 =
5 5
X 3 r =3,
_ [ ¢ _ 8
=\|y] =1 3 = =5
—20 _ =20
< KN =5
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Method 2: Via Cramer’s rule. The Cramer’s formulas for
solving this system would be the following:

9 2 —1 3.9 —1 32 9
2 1 1 2 2 1 21 2
~12 2 1 -1 2 12 -1

I = 7y: 7Z:

32 —1 32 —1 32 —1
21 1 21 1 21 1
12 2 12 2 12 2

Note that, in the numerator, for the first variable we replace the
first column of the coefficient matrix with the constant terms of
the system, for the second variable we replace the second col-
umn and for the third variable the third column. Since we have
already calculated the determinant of the coefficient matrix, we
will only have to solve the three determinants that appear in the
numerator. We have that

9 2 -1 3 9 —1 32 9
2 1 1 =—15,112 2 1 =8, 121 2 =
-1 2 2 1 -1 2 12 -1
so finally
—15 5 -8 8 20 20
Tr = -, y = — = -, —_
-9 3 -9 9 -9 9

40
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We thus have two alternative ways to solve a Cramer system.
In principle, for systems with two, three, or four equations, both
methods present an equivalent difficulty and both, the one based
on matrix operations and the one using Cramer’s rule, can be
used interchangeably:.
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Propiedad 17. Consider the system with m equations and

variables (xq, To, ..., x,), given by its matriz equation
A-X =B
where
by 1
A= (a)mens B=|"2| ana x=|™
b.m Tn

Suppose the system is consistent, in which case
rango(A | B) = rango(A) = r.

Consider the minor A, of A obtained as the intersection of

rows i1, g, . . ., &y and columns ji, jo, ..., jr of A and suppose
that |A| # 0. Then:

i) The system composed solely of the i1-th, ia-th, ..., i,.-th
equations of the initial system has the same solutions as
it.

i) The system obtained by taking as a parameter any vari-
able that is not one of x;,, Ti,, ..., x; s determined.
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Ejemplo 18. In principle, to solve the system

( 21+ 229 — bxg — g = —1

201 + 3x9 — T3+ x4 = 2
{ 1 +2x9 — 223+ 224 =3
201 + 9 — 3+ 624 =9
3x1 + 7o — 1823 — by = —6

\

it would not be possible to apply Cramer’s method. However we
can resort to Property 17.

12 -5 —1 12 =5 —1] -1
(23—7 1\ (23—7 1 2\
rango |11 =2 2 | =rango |1 1 =2 2 3|1 =3
21 —1 6 21 —1 6 | 9
\3 7 —18 —5) \3 7 —18 =5 | —6

the system is consistent and undetermined with a 1-dimensional
solution.

12 —1
rango | 23 1 | =3
21 6

and therefore said minor is regular, it has an inverse.
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Let’s mark in the coeflicient matrix of the system the rows and
columns corresponding to the selected minor,

X1 o9 T3 X4
equation 1% (1 2 -5 —1\
equation 2™ |23 —7 1
equation 3™ 11 =2 2
equation 4™ |21 —1 6
equation 5 \3 7 —18 —5)

Let’s eliminate the equations that do not participate in the minor
and take as a parameter the variables that also do not. After this,
the system becomes

(21 + 229 — x4 =5 — 1
201 + 3Ty + x4 = Tax + 2
201 + X9 + 6y = +9

\:ngoz

Since, as a function of the parameter «, we already know the
value of x3, we will solve only the system

T, + 229 — x4 = da — 1
2$1+33§2+$4:7C¥—|—2 .
201 +x9 + 64 = ¢+ 9
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But now this system is a Cramer system and can be solved
by solving in the matrix equation which is

12 -1 1 ba — 1
23 1 To | = | Tao+ 2
21 6 T4 a—+9
Solving and calculating the inverse, we finally have
12 -1 1 bar — 1
23 1 ro |l = | Ta+2 | =
21 0 Ty a—+9
12 -1\ /[5a—1
=N =123 1 Ta+ 2
21 6 a—+9
—13 5 ba — 1 2 —«
= —10 8 Ta+2 ]| =13a—-1
a—+9 1
The solution of the system will then be,
(11=2—q,
To = 3a — 1, .
$ or equivalently (2 — a, 3ac — 1, i, 1).
L3 = Q,
Ty — 1
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4 Expressing the solution of a system us-
ing linear combinations

In this section we will see that we can also describe the solutions
of a system using linear combinations.

Definicion 19. Given a subset of tuples C' C R” and a fixed
tuple p € R", the set of tuples obtained by adding the fixed
tuple, p, to all tuples of C', is denoted p 4+ C. That is:

p+C={p+c:ceC}.

Ejemplo 20. Consider the following set of 2-tuples
¢ = {(17 O)v (27 3)? (_17 4>} C R’
and consider the fixed tuple (2, —1) € R?.

p+C = (2,-1)+{(1,0),(2,3),(—1,4)}
= {(2, —1) + (1, O), (2, —1) + (2, 3), (2, —1) + (—1,4)}
— {<37 _1>7 (47 2)) <17 3>}
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Ejemplos 21.
1) Consider the linear system,

_Jrxt+yt+z+w=2
S = :
rT—y+z—2w=1

Using the parameters a and 3 the solution is written in the form

( 3—2a+p
=5
_ 1-33 3—2 1—3
Y 2 7 orequivalently  ( &Jrﬁ, ﬁ,oz,ﬁ).
z = qQ, 2 2
w —=

These last two representations are what are called parametric
expressions of the solution of the system.
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3—2a+p8 1—-383

< 7047/8)

2 T2
3 1 I 3
— ( —— -+ _5 9 a _6 ) 87 ) 6 )
2 2, 2 2,
Without Egrameters: Without parameters: Without parameters: Without parameters:
3 1 0 0
2 2
Part for a:—« Part for a:0 Part for a:a Part for a:0
Part for 3: %ﬁ Part for 3: —% Part for 8: 0 Part for g:
3 1 1 3
— 557570702 +£_0579204702+5§57_§6707 12
Part WithOl;tr parameters Part for a Part‘?or 5]
3 1 1 3
— (57 §7 Oa O) + Oé(-l, O) 17 O) + 5(57 _57 Oa 1)
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In summary we have that

3—2a+08 1—-33
( 2 ) 2 ,Oé,ﬁ) T
31 I 3
= (=,=,0,0 —1,0,1,0 —, ——,0,1
52737 I z—l_\a{( ) ) I >—|_/8<27 27 ) Z
Fixeartuple Linear Combilration of

(=1,0,1,0) and (3,—3,0,1)

Therefore, the set of solutions of the system is:
3—2a+p8 1—-303

{5 ahafeck}=
(%,%,0,0) plus an element of <(—1,0,1,O),(%,-%;071)>
31 1 3

= (5.5,0,0) + {(=1,0,1,0), (5, —5,0,1)).
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2) Let’s calculate the solution of the following system expressing
it in its parametric form and using linear combinations,

(214 29 — 205 + 224 + 25 = 0
5$1+3$2-3$3+4$4+2(E5:O
3x1 + 229 — x3+ 204 + 25 = 0
201 +4x9 — 223+ x4 = 0

\35614—4562—25634—334:0

Again we begin by solving the system. It is a system with a

1-dimensional solution:

1 1 2
(0, g% g% ~3% Q).

This would be the solution of the system expressed in parametric
form. Starting from it, separating the tuples corresponding to
each parameter (in this case we have a single parameter a/) and
the terms without a parameter, we have,

1 1 2 1 1 2

0, -, —=ar, —=av, ) = (0,0,0,0,0 0,=,—=, —=,1).
< ,9&7 9@7 3C¥7Cl{) < Y Y Y Y )_i_a{( 797 97 37 )

Therefore, the expression of the solution of the system using
linear combinations is

11 2
0,0,0,0,0) + ((0, =, —=, —=, 1
(7777>+<(797 97 37 >>

T
]

or, equivalently,
I 1 2
0,—, —,—=,1)).
<< 797 97 37 >>
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Note that:

e Homogeneous system: null fixed tuple, can be eliminated.

e Non-homogeneous system: non-null fixed tuple.

o1




5 Vector subspaces of R"

5.1 Definition and properties

Definicién 22. Consider the set R".
We call a vector subspace of R" any subset H C R", formed

by the solutions of a homogeneous linear system with variables
(1, ...y X)),

A1 1+ -+ Ay, = 0
We will then say that said system constitutes a set of implicit
equations for the vector subspace H and we will use the notation

ap1x1+ - +ayx, =0
H=< .. .. ...
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In the previous definition we can write the implicit equations
using their matrix expression,

AX =0,
where,
0 1
a ... Qip 0 o
A= : : < mena 0= : S mel; X = :
Am1 Amn 0 T
n

Then in abbreviated form we have that
H=AX =0.

And then
H = {p € R" such that Ap = 0}.
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A fundamental aspect in the theory of vector subspaces lies

in the fact that they can always be obtained as the set of linear
combinations of certain vectors.

Propiedad 23. For cvery vector subspace H C R" there
erist vy, vo,...,v5 € R" such that

H = <U1,’l}2,...,?}d>.

We then say that the wvector subspace H 1s generated by

U1, Vo, ...,0q or also that vy, vs,...,vq are a generating sys-
tem of H.
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Ejemplos 24.
1) Consider the vector subspace of R?

_Jrx+yt+z+w=0
H =
rT—y+z—2w=>0

and let’s try to represent it through the set of linear combinations
of certain tuples. To do this, first we solve the system:

—2a+ [ =30
( 2 Y 2 7a7 >'

Using the properties of the sum and product of matrices,
—2a+ [ =30
( 2 Y 2 Y a? /8)
1 3
= a(—1,0,1,0) + 5(5, —3 0,1)

and therefore

1 3
H = ((~1,0,1,0), (5, —5.0,1)).
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2) Let’s now calculate a generating system for the vector sub-
space of R?

(331+CEQ—2£U3—|—2£U4—|—335:O
b1+ 3x9 — 3x3+ 4wy + 225 =0
3r1 + 209 — x3+ 224 + x5 = 0
201 +4x9 — 223+ x4 = 0

| 3wy +4xy — 223+ 14 =0

T
Il

Again we begin by solving the system. It is a system with a
1-dimensional solution:

(0 1 1 2 )
—Q, ——Q, —=Q, Q).
79 Y 9 ) 3 Y
Furthermore,
1 1 2 1 1

0, —a, ——a, —= = a(0,=, —=, —=, 1).

( Y 9&7 9@, 30{7 &> a( Y 97 97 37 )
Therefore,

1
H = <<07 A a9 1)>
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Propiedad 25. R" s a vector subspace of R"™. Furthermore,
R" = (e, e9,...,€n),

where

er = (1,0,0,...,0,0),
es = (0,1,0,...,0,0),

e, = (0,0,0,...,0,1).
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5.2 Basis and dimension

Every vector subspace of R"” can be written in the form
H = (v1,v9,...,0q).

Of course, it is desirable that this representation be as simple as
possible and involve as few vectors as possible.

Definicion 26. We call a basis of the vector subspace H C R"
any set of vectors {vy, vg, ..., v4} C R" such that:

o H = (v1,v9,...,vg). That is, they are a generating system
of H.

o {v1,vy,...,v4} is independent.

Definicion 27. We call the dimension of the vector subspace
H C R" and denote it dim(H), the number of vectors that
makes up any of its bases.
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Ejemplo 28.

Consider the vector subspace of R*

7= r—224+3w =0
- ly—4z+6w=0

Solving the system, it is easy to see that a generating system of
H is given by

{(2,4,1,0),(1,2,2,1)}.
It is evident that (2,4, 1,0) and (1,2, 2, 1) are independent. Con-
sequently

{(2,4,1,0),(1,2,2,1)}

is a basis of H and therefore, since two vectors appear in the
basis, we have that dim(H) = 2.
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Propiedad 29. Consider the vector subspace H C R" given
by its implicit equations

ap1ry+ -+ apxr, =0

Ejemplo 30.

Given the vector subspace of R*

=224 3w=0
H:{y—4z+6w20 ’

10 -23) _,
P01 —46) T

dim(H)=4-2=2.

since

we have that
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Nota. In R" we can consider, for ¢ = 1,...,n, the coordinate
vectors (the coordinate n-tuples)

i)

e; =(0,...,0,1,0,...,0) € R".

[t is easy to check that B, = {ej,es,...,€e,} is a basis of R”
since they are independent and R" = (ey, es,...,¢€,). We will
call the basis B, the canonical basis of R"” and since it has n
elements we conclude that

dim(R") = n.
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Propiedad 31. Let H C R" be a vector subspace with di-
menston d. Then:

1. Any set of vectors of H with more than d elements is
always dependent.

2. No set of vectors of H with fewer than d elements can
generate all of H.

3. A set of vectors with d elements that is independent gen-
erates all of H (and is therefore a basis of H).

4. A generating system of H with d elements is independent
(and therefore a basis of H ).

Propiedad 32.

1. Any set of vectors of R"™ with more than n elements is
always dependent.

2. No set of vectors of R" with fewer than n elements can
generate all of R"™.

3. A set of n vectors of R" that is independent generates all
of R" (and is therefore a basis of R").

4. A generating system of R" with n elements 1s independent
(and therefore a basis of R" ).
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5.3 Coordinates with respect to a basis

Definicion 33. Given the vector subspace H and the basis
B ={v1,v9,...,v4} of H, we call the coordinates of v € H with
respect to the basis B the ordered coefficients (ay, ao, ..., ay)

such that
V= QU1 + QU9 + - - - + QqUy.
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Ejemplos 34.
1) Take the canonical basis of R”, B. = {e1, es,...,¢e,}. Given

any vector v = (vy, vy, ..., v,) € R" we have that
v = (1, Vg, ...,0,) = V1€1 + Voeo + - - + Vpey
and therefore the coordinates of v with respect to B, are (vy, v9, . . ., v,

That is, the coordinates of any vector of R" with respect to the
canonical basis are itself.
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2) Consider the vector subspace H that has as a basis
B =1{(2,0,1,0),(—1,1,1,1),(0,1, =1, 1)}.

Suppose we know that (5,2, —2,2) € H and that we need to
calculate its coordinates with respect to B. We have that the
coordinates will be the coefficients («, 3, ) such that

(5,2,—-2,2) = «(2,0,1,0) + B(—1,1,1,1) + (0,1, —1, 1).
Performing the indicated operations in this equality,

(5,2,-2,2) = (20— 5.6 +7,0+ 5 = 7,6 +7)

(20— =5
B+v=2

e a+p—y=-2
| Bty =2

Solving this system we obtain that « = 2, # = —1 and v = 3.
Therefore the coordinates of (5,2, —2,2) are (2, —1, 3).

In fact, as we see in the previous example, the calculation of
coordinates with respect to a basis always reduces to solving a
linear system of equations.
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