Chapter 4

Matrices

In the analysis of economic phenomena, we need to study the data that describe their behavior. Sometimes
it may be possible to draw certain conclusions through simple visual examination, but in general, the figures
and values taken to analyze a phenomenon or situation will hide the essential information that will be the
basis of our analysis. Extracting this information is not always a simple task, and we then need the help
of complex methods. Mathematics and statistics provide the key tools that allow revealing the internal
structures of the data that are not accessible through direct observation. To bring this hidden information
to light, it is necessary to apply sophisticated mathematical techniques, and in this chapter we introduce the
basic mathematical structures for the representation and manipulation of information: tuples and matrices.

4.1 Basic Definitions

In the following definition, we present more precisely the concepts of tuple and matrix that we mentioned
before.

Definition 86.

e Given n € N, we call an n-tuple any ordered set of n real numbers of the form
(a1,a9,...,a,).
- The set of all n-tuples is denoted R™. Therefore,
R™ = {(a1,as,...,an) : a1,as,...,a, € R}.

- The numbers a, as, ..., a, are called elements of the n-tuple.

- Two n-tuples are equal if they have the same elements in the same positions. That is,

aj :b17

a :an
(al,ag,...,an):(bl,bg,...,bn)(:) .

a, = by,.

- 2-tuples are called pairs. 3-tuples are called triples.

e We call a matrix of real numbers with m rows and n columns or of type m x n (or of order m x n) a
set of real numbers ordered in the form,

a1x  aiz - G1p
azi @22 e a2n

b
Am1 aAm?2 T Amn
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where for each ¢ =1,...,m and j =1,...,n, a;; € R is the number located in row ¢ and column j. A
matrix m X n is, therefore, a table or array of numbers with m rows and n columuns.

- The numbers that make up the matrix are called elements or coefficients of the matrix.

- The (i, ) element of the matrix is the one found in row ¢ and column j.

- Matrices are named using capital letters (A, B, C, etc.). Given a matrix, A, its elements are
generically designated by the corresponding lowercase letter and the subscripts indicating the row
and column. Thus the (7, ) element of matrix A will be a;;.

- The set of all matrices of type m x n is denoted as M, xn:

aipr -+ Qin
Manxn = /aij eER,Vi,j

am1 e Amn

Given a matrix, A, we sometimes denote that it is of type m x n by writing A, xn.

aipr -+ Qin

- The generic matrix : : is abbreviated by (a;j)i=1,...,m Or (Gi;)mxn-

yeeey

Am1  +  OGmn

- Two matrices A = (a;j)mxn € Mmxn and B = (b;j)mxn € Mmxn are equal if it holds that:

m=m
n=n
Clij:bij,Vi:1,...,m,Vj:1,...,n

That is, if they are of the same type and have the same elements located in the same place.

- The n-tuple v = (a1, a2, ...,a,) can be written in the form of a row matrix or column matrix as
ay
a2
v = or v = (a1 a9 an)
(29

Examples 87.

1) On numerous occasions, a single number is sufficient to describe the state of a certain object or real-world
situation. For example, if we are studying the profitability of a company in different years, in principle it
will be sufficient to indicate the income it obtains at each moment and that income is expressed by a single
number. Thus we will say:

- The first year the profits were 3 million euros.

- The second year the profits were 3.5 million euros.

- The third year the profits were 3.9 million euros.

In each case, the profitability is described by giving a single number (first 3, then 3.5 and finally 3.9).

However, a more detailed study of the company’s profitability would require taking into account not only
the final profits but also the volume of income and expenses. For example, a company with income of 4
million and expenses of 1 million will have profits of 3 million and high profitability. In contrast, a company
that earns 103 million with expenses of 100 will have the same 3 million in profits but we should deduce that
its profitability is much lower since to obtain equal amounts the expenses are much higher. In this way, if
we take into account income and expenses, we will work with data of the type:

- The first year, the income was 13 million and the expenses were 10 million.
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- The second year, the income was 14 million and the expenses were 10.5 million.

- The third year, the income was 14.3 million and the expenses were 10.4.

To abbreviate, we could agree to present the data for each year in an orderly manner in the form of a
row or column as follows,

- income
(income,expenses) | or
expenses

In this way to indicate the profitability data in a certain period, it will be enough to write something like
(15,11) and we will then know that we are referring to an income of 15 million euros and expenses of 11. For
example, the same data as before can be written as:

- The first year the profitability data are (13,10) or (ig)

- The second year the profitability data are (14,10.5) or <1%)45>'

- The third year the profitability data are (14.3,10.4) or (132)

It is evident that if we are going to write the information following this format, the order of the data is
fundamental; thus, the pairs (15,11) and (11,15) represent different profitability data (note that the last pair
corresponds to a company with higher expenses than income and therefore with losses). This justifies that
we use an order when giving the data, that is, that we use an ordered pair.

We see then that we can represent through an ordered pair of real numbers the different possibilities of
income and expenses that can occur. However, we know that a pair of real numbers is nothing more than
a 2-tuple or element of R2. Therefore, in all of the above, what we do is to use elements of R? to represent
our information. Schematically the idea is the following:

Information of the problem Representation
Two data: income and expenses of a company = Two real numbers
at a certain moment ordered
\
element of R2
2-tuple

The need to pose mathematical models for phenomena in which several data intervene simultaneously
is what motivates the use of elements of R? (when we have two data), of R® (when we have three) and in
general of R™ (for n data).

It is even possible that we have data that require more complex structures. For example, following the
previous example of income and expenses of companies, it could be that we had the information of three
different companies for a specific year:

- Data of the first company: (13,10).
- Data of the second company: (19,15).

- Data of the third company: (17,12).
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We can represent all these data together by arranging them orderly by rows in the form of a table,

5}
2 2
IS (<]
8 &
R=I
15t company 13 10
27d company 19 151,
3'4 company 17 12
or we could also have written them in columns as
> 5oz
< <
2, 2 o
= § &
g © o
% 2 0%
— [N} [xp]
Income 13 19 17
Expenses 10 15 12/)°

In both cases, the important thing is to fix a criterion for ordering the data. In both cases, the data ordered
in the form of a table constitute what is called a matrix. Specifically,

13 10
- 119 15 ] is a matrix with three rows and two columns,
17 12

13 19 17\ . . .
- <1O 15 12) is a matrix with two rows and three columns.

The concept of a matrix is of great importance in mathematics since, together with that of a pair or
n-tuple, they are two of the main methods for the ordered representation of data. We will see throughout the
topic that matrices and elements of R™ allow modeling different real-life situations and natural phenomena.

2) Take the matrix
3 -1 2
A= ( 0 —-12 4 > ’
It is a matrix of order 2 x 3 since it has two rows and three columns. Furthermore,

- the (2,1) element of A is 0,
- the (2,3) element of A is 4,
- the (3,1) element of A does not exist,

- etc.

Likewise, we have that A is an element of the set of all matrices of type 2 x 3, that is, A € Moy3.

3) Consider a matrix B € M3sxs. Since B is an element of Msyo, it will be a matrix with 3 rows and 2
columns. If we have no more information about B, we cannot know the values of its elements. In such a
case, we must denote them in a generic way as indicated in Definition 86 using the lowercase corresponding
to B (that is, b) and subscripts. Thus,

- the (1,1) element of B will be by 1, - the (1,2) element of B will be by 2,
- the (2,1) element of B will be b1, - the (2,2) element of B will be b o,
- the (3,1) element of B will be b3 1, - the (3,2) element of B will be bs o.
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In this way, placing each element in its place, the matrix B is

bii bip
B= by bol. (4.1)
b1 b3p

In example 2), since we know exactly what the matrix A is, we could indicate the value of each of its
elements. However, in this example we do not know what real number appears in each position of B and
therefore we are forced to assign it a generic name (by 1, b3 1, etc.) that represents its value which we ignore.

Since writing the expression for B that appears in (4.1) repeatedly is tedious, instead we can abbreviate

by writing (b; j)i=1,...,3 or even more briefly (b; ;)3x2.
j=1,2

4) Let A € M3x4. The matrix A will have 3 rows and 4 columns and if we do not know what the elements
of A are, we must write them in a generic form as,

a1 ai2 ai3 a14
A= a1 a2 a3 asa
as1 asp a33 34

To abbreviate the writing we have that,

a1 ai2 @13 a4

az1 G2 a3 G4 | = (aij)i=1,.3 = (aij)3xa
j=1,..,4 ——

a a a a

3.1 3,2 3.3 3.4 —— even more brief

the same more briefly

We can also indicate that A is a matrix with three rows and four columns by writing Asy4.

5) The set Mayo contains all matrices with two rows and two columns. All matrices in Mayo are of the

form
a a
A= (@1 (12
a1 Aa22
while the coefficients aq,1, a1 2, a2 1, a2 can take any value in R. That is,

a1l a12 .
Moo =H{ ( ) 101,1,01,2,02,1,022 € R}.

az,;1 a2

the coefficients take
Matrices with two any value in R
rows and two columns

All these matrices gathered form Maya

6) The matrices
3 2 -1 2 3 -1
A_(o 6 2) andB_(o 6 2)
have the same elements (the same real numbers 3, 2, -1, 0, 6 and 2 appear in them) but we see that they

are not located in the same positions (in position (1,1), A has a 3 while in the same position B has a 2).
Therefore both matrices are different, so A # B. If we now consider the matrix

32 -1 0
c=106 2 o,
00 0 O

again A and C have the same elements and this time they even appear located in the same places. However,
both matrices are of different types since A is of type 2 x 3 and C is 3 x 4. In that case we also cannot say
that A and C are the same matrix and consequently A # C.
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Remark. It is common to use mathematical notation to abbreviate writing. Thus, instead of writing
‘take a matrix, A, with three rows and four columns’
we can put
‘take A € M3zyy4’
or

take A3><47.

Veamos ahora, en la siguiente definicion, una lista de conceptos béasicos dentro de la teoria de matrices.

Definition 88 (Basic concepts about matrices).

e Given A = (ai;)mxn, we call any matrix obtained by deleting rows and/or columns from A a submatrix
of A.

Examples 89.

1 2 3 6
1) Given A=| -1 2 0 1 | we have that:
2 1 8 9

- ( g g Eli ) is a submatrix of A since it is obtained by deleting row 3 and column 1 of A:

=
=
=
3
()
1 2 3 6
-1 2 0 1
row 3 2 1 8 9
- ( ; g ) is a submatrix of A since it is obtained by deleting row 2 and columns 2 and 3 of A:
N ™
g g
g £
= =
g 8
1 2 3 6
row 2 -1 2 0 1
2 1 8 9

- ( 3 ) is a submatrix of A since it is obtained by deleting rows 2 and 3 and columns 1, 2 and 4 of A:

— [a\} <t
= = =
£ g g
= = =
ISES) 2
(] (5] (5]
1 2 3 6
row 2 -1 2 0 1
row 3 2 1 8
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1 20
"\ -1 2 8

columns from A as can be seen by observing the arrangement of its elements within A:

1] [2] 3 6
-1 [2] o) 1
2 1 (8]

is not a submatrix of A since it cannot be obtained by deleting complete rows and

9

2) Consider the matrix we obtained on page 114 when compiling the income and expense data of
several companies:

come
expenses

15¢ company 13 10
274 company 19 15
3'4 company 17 12

Suppose that for some reason we want to remove the second company from the study. The matrix
corresponding to the new situation will be,

wn

: :

IS) [«

(] Q

g 8

15¢ company 13 10
3'd company 17 12

It is evident that the new matrix is a submatrix of the initial matrix since it is obtained by deleting its
second row. Suppose that we further decide to restrict our study even more and only take into account
the expenses of the companies. In that case the data matrix will be,

5 expenses

N—

15¢ company (

34 company 12

Again we have obtained a submatrix of the initial matrix since we have deleted complete rows and
columns:

13 10 13 10
19 15 19 15 — (13 1(2))
17 12 delete row 2 17 12
13 10
_ 19 15 — (12)
delete row 2 17 12

e A matrix of the form (a1 as

and column 1

an)1Xn of type 1 x n that has only one row is called a row matrix.

Example 90. The matrices (2

-1.0 1), (-1 4 12), jor (2 4),

are row matrices.
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e A matrix of the form | . of type n x 1 that has only one column is called a column matrix.
On nx1
1
. 0 2 .
Example 91. The matrices _3 and 6 are column matrices.
2x1
4 4x1
e Given the n-tuples v1,vs,...,v, € R™:
— The matrix obtained by grouping vy, v, ..., v, by columns is denoted

(or [ oo [ o | )
and will have m rows and n columns. It will therefore be a matrix of M,,,«n.

— The matrix obtained by grouping v1, vs, ..., v, by rows is denoted

U1
V2

Un

which will have n rows and m columns. That is, it is of type n x m.

Example 92. Let v; = (2,3,—1,0), v2 = (6,2,3,3), v3 = (6,4, —9,—1). The block matrix obtained
by grouping vy, v2 and vs by columns is

2 6 6
2 4

(v1 | v2 | v3) = —31 3 _g € Myxs.
0o 3 -1

The block matrix we obtain by grouping vy, vy and v3 by rows is

U1 23 -1 0
V2 = 6 2 3 3 S M3><4-
V3 6 4 -9 -1

e A matrix with n rows and n columns (of type n x n) is said to be a square matrix of order n. The set
of all square matrices of order n is denoted by M.,.

3 1
2 2
matrix of order 2. We know that the set of matrices of type 2 x 2 with two rows and two columns is
denoted Msyso. However, to abbreviate, we write My instead of Moys. Therefore,

Ac My = M2><2.

Example 93. The matrix A = has two rows and two columns. Therefore it is a square

In the same way, the matrix

2 -1 0
B=]11 8 2
7 6 5

has three rows and three columns and is therefore a square matrix of order 3 so B € M3 = M3zy3.
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e Given A € M,,x, we call the transpose of A and denote it by A?, the matrix whose first row is the
first column of A, whose second row is the second column of A, ..., whose n-th row is the n-th column
of A. The following facts are evident:

-AE Mysn = A€ M.
- (ANt = A

- A= (aij)mxn = A" = (aji)nxm- That is, the element located in A at position (7,7) when
transposed moves to position (j,1).

Examples 94.

. . 2 .
1) It is easy to calculate the transpose of any matrix. For example, the transpose of <1 2 z> is

t
denoted <? 2 Z) and is calculated by exchanging rows for columns according to the scheme,

column 1
column 2
column 3

o~

2 1 row 1
row 2 .

(i 3 6
. . row 3

See that the initial matrix is of type 2 x 3 and when transposing we obtain one of type 3 x 2. It is also
evident that if we transpose the last matrix again we will get the first one back:

o w

)

——
I

t
(2 3 7)“_ § é _(2 3 7)
1 6 4 7 1 6 4
That is, doing the transpose twice is equivalent to doing nothing.

2) On page 114 we saw how we could organize in a matrix the data corresponding to the profitability
of different companies. When writing the data for each of them we could arrange them by rows or by
columns. It is evident that the matrix obtained by arranging the data by columns is the transpose of
the one that appears when doing it by rows:

t

1310 13 19 17
P15 =115 15 12)-
17 12

Actually, a matrix and its transpose contain the same information but organized by columns instead
of by rows or vice versa.

e We call the zero matrix of type m x n and denote it by 0,,x, or simply 0, the matrix:

0 ... 0
Omxn = emen-
0 ... O

mxXn

That is, the matrix 0,,x, is the matrix of type m x n that has all its elements equal to zero.
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Example 95. The zero matrix of type 2 x 4 is denoted 0344 and its value is
0oy — 00 0 O
4710 0 0 0)

The zero matrix of type 3 x 3 is denoted 0343 and its value is

It is evident that Ozyx4 € Mayy.

O3x3 =

o O O

0 0
0 0
0 0
It is a matrix with three rows and three columns and therefore it is a square matrix that belongs to

Mszyz = Ms.

In general we can consider the zero matrix of any type. For example,

OO OO

0 0
0 0
O3x2=10 0], 02><2:(0 0>7 O4x1 =
0 0

It should be noted that sometimes, to abbreviate writing, the zero matrix is usually denoted simply by
writing ’0’ (without indicating the type), however, this can lead to confusion since we see that there
is not a single zero matrix but infinitely many of them, one for each type. In those cases where the
zero matrix is denoted by ’0’, we must deduce what the type is from the context in which it appears.

Square matrices play a particularly important role in matrix theory and in matrix mathematical models.
In the following definition we will see a list of concepts and definitions all of them relative to square matrices.

Definition 96 (Basic concepts for square matrices).
o We call the main diagonal of the matrix Ay xn = (aij)nxn € My the row matrix (a11 a2z ... Gnn).

The main diagonal is therefore the row matrix formed by the elements of A that are boxed in the
following representation:

a11 ai2 ais e A1n
a21 @22 a3 ... a2p
A= a31 a32 agz| ... a3n
an1 an?2 an3 e Anpn

e We call the trace of A = (a;j)nxn € M, and denote it by ¢r(A) or trace(A) the sum of the elements of
the main diagonal:

n
tT’(A) = ail —+ a2 —+ -4 Apn = Za”
i=1

1 2 -6
Example 97. et A=| -5 2 4 then we have that
3 7 9

- the main diagonal of A is (1 2 9).
- the trace of Ais tr(4) =1+2+9=12.
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o We say that (aij)nxn € My, is:

- upper triangular if all the elements below the main diagonal are zero,
- lower triangular if all the elements above the main diagonal are zero,
- diagonal if all the elements outside the main diagonal are zero.

Examples 98.

12 4 1 -1 0 0
(0 2 6], and are upper triangular matrices.
0 1 0 0
0 0 3
30 0 O
21 0 0 10 . .
2) 6 2 -1 0 and (1 1) are lower triangular matrices.
1 3 2 4
100
3) 10 2 0], L0 and 00 are diagonal matrices.
0 0 3 0 1 0 0

e We call the identity matrix of order n and denote it by I,, the square matrix of order n that is diagonal
and such that all the elements of its main diagonal are equal to 1. That is,

100 ... 0
010 ...0
,=]0 01 0| em,.
000 1

Example 99.

- The identity matrix of order 1 is I; = (1),

—
o

(
- the identity matrix of order 2 is Iy = (

)

o
[t

1
- the identity matrix of order 3 is Is = | 0
0

O = O
_= O O

We say that (a;j)nxn is symmetric if A = A" or, equivalently:
a;j = aj;, Vi,j=1,...,n.
We say that (a;j)nxn is antisymmetric if it satisfies that:
5 = —0js, Vi,j=1,...,n.
Note that if the above holds, taking 1 = j we obtain that
ai; = —aj; = 2a; =0=>a; =0, Vi=1,...,n

so an antisymmetric matriz will have all the elements of its main diagonal zero.
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Examples 100.

1) Given A = we have that

W N
NN
N W

1 2 3
At=12 2 2| =4
3 21

and therefore A is a symmetric matrix. See in the following scheme that the elements (7, 7) and (j, )

of the matrix coincide:
@/ 2 3
2 % 2 1.
3 2 ®

For the matrix to be symmetric, the elements located at the ends of the same arrow must coincide.
Note that the elements of the main diagonal (circled) are not marked by any arrow and therefore their
value does not influence in any way whether the matrix is symmetric.

0o -2 3
2) The matrix B = | 2 0 —4| is antisymmetric since, if we denote B = (b;;)3x3, we have that
-3 4 0

* by = —2 = —bo.

* b3 =3 = —bs;.

* bog = —4 = —b3o.

* b1y = 0,b99 = 0,b33 = 0.

The above can be schematized by the following arrow diagram:

The elements located at the ends of the same arrow must be opposites and those on the diagonal
(enclosed in a circle) must be zero.

. 1 1Y), . L .
3) The matrix (_1 O) is not antisymmetric since the diagonal elements are not all zero. However

. 1\ . . .
the matrix (01 O) 1s antisymmetric.

4) A supplier provides three different products A, B and C in different locations. It is observed that:

- In 3 locations only A is supplied.
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- In 5 locations only B is supplied.
- In 4 locations only C is supplied.
- In 19 locations both A and B are supplied.
- In 23 locations both B and C are supplied.
- In 16 locations both A and C are supplied.

We can encode this data in a matrix in the following way,

A B C
A 3 19 16
B 19 5 23
C 16 23 4

We have placed at the intersection of row A with column A, the number of locations where only A is
supplied, at the intersection of row A with column B, the locations where both A and B are supplied
and so on. Evidently there are the same number of locations where A and B are sold as where B and
A are distributed, so in the corresponding positions we put the same number, 19, and the same will
happen in the case B-C and A-C. Therefore, the resulting matrix is symmetric since in position (i, j)
we will always find the same number as in (j, ).

5) Three financial entities make loans among themselves so that one owes a certain amount of money
to another:

- Entity 1 owes entity 2, 0.5 million euros,

- Entity 1 owes entity 3, 0.9 million euros,

- Entity 2 owes entity 3, —0.2 million euros.

It is evident that if entity 1 owes entity 2, 0.5 million euros, we can admit that entity 2 owes entity 1,
—0.5 million. Thus, when we indicate that entity 2 owes entity 3, —0.2 million euros, we mean that
the account status between both is favorable to entity 2 so that entity 3 owes it 0.2 million. On the
other hand, it is also clear that each entity does not owe anything to itself. All this information we
can summarize in the following matrix:

owes to
—~
— [N} [xp]
2 & B
£ F £
<] <] (<]
entity 1 0 0.5 09
The { entity 2 -05 0 -0.2
entity 3 —-0.9 0.2 0

It can be seen that we have placed at the intersection of the rows and columns corresponding to the
different entities the amount owed taking into account when putting the sign of each data that the rows
indicate the debtor entity and the columns the creditor entity. As we said before, if one entity owes a
certain amount to another, we can also say that the latter owes the former the same amount but with
the opposite sign; therefore in the matrix we always find in position (7, j) the number opposite to the
one that appears in (j,7). Also, since no entity owes anything to itself, on the main diagonal we have
written only zeros. In short, the data matrix is antisymmetric.

Remark. Diagonal matrices are usually denoted, in order to abbreviate writing, by indicating only the
elements of their main diagonal. Thus for example:

1 00 1

The matrix | 0 0] can be written as 2
0 3

2
0
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In generic form, the diagonal matrix A € M,, whose main diagonal is (a1 as - an) will be denoted by
ai

a
"/ nxn

4.2 Operations with matrices

We know that it is possible to perform different operations between real numbers. Thus, we can calculate
the sum, difference, product, division, etc. We will see in this section that it is possible to extend these
operations to matrix calculus. We will even verify that many of the usual properties of number arithmetic
remain valid for matrices.

4.2.1 Matrix addition

Definition 101. Given two matrices of the same type A = (ai;j)mxn; B = (bij)mxn € Mmxn We define the
sum of A and B as the matrix A + B € M,,«, determined by:

A + B = (aij + bij)mxn'

That is:
a1 ai2 . A1n b11 b12 . bln
a21 a2 e a2n b21 b22 e bgn
+

am1  Am2 oo Amn bml bm2 oo bm,n
a1 +bin a2z +bi2 ... aip+bip
a1 +bor  ae+baa ... azn +bay
am1 + bml am2 + bm2 v Qmn + bmn

Examples 102.

v 0 (Ga)-6 )

1 2 0 9 0 0 0O 1 2 0 9
2) (-1 4 6 6/]+({0 0 0 0)=[-1 4 6 6

2 1 2 4 0 0 00 2 1 2 4

| ————
=03x4

1 2 0 -1 -2 0 0 0 0
3)(-1 4 6|+ 1 -4 —6|]=(0 0 0] =03x3.

2 1 2 -2 -1 =2 0 0 O

4) ; g _11> + (Z _61) is an operation that cannot be performed because the two matrices are not of

the same type.
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5) Since we have identified the elements of R™ with row and column matrices, the sum operation we have
defined is also valid for them. Thus we can perform the following calculations:

(2,3,—1) +(6,0,2) = (8,3,1).
(3,-2) — (-3,2) = (0,0).
(
(

4; 3, 27 ]-7 1) + (_2a 4, 3> 07 _1) = (27 77 53 1) 0)
3,2,1) 4+ (2,4,6,2) is an operation that cannot be performed since we have different types.

Note that only matrices of the same type can be added and the result will then in turn be a matrix of
that same type.

We compile below several properties of matrix addition. All of them are analogous to those that hold for
the sum of two numbers and in fact their proof is derived directly from them.

Properties 103. VA, B,C € M, xn:

1. Commutative property: A+ B =B+ A.
Associative property: A+ (B+C)=(A+ B)+C.
A+0=A (where 0= 0y,xn).

e e

Given A = (a;j)mxn we define the opposite matriz of A as
—A= <_aij>m><n S men

and then it is verified that:
A+ (—A)=0.

5. (A+B)t = A"+ B".
6. A is antisymmetric & At = —A

Remark (Matrix subtraction). In the same way that the sum is defined, it is equally easy to introduce
matrix subtraction. In fact, as we see below, we can define subtraction from the sum.

Given two matrices A = (aij)mxn: B = (bij)mxn € Mmxn we will define the subtraction or difference
between A and B as the matrix

A—-B=A+ (—B) = (aij - bij)mxn € Mm><7r

Examples 104.

n-(3 1) -( 70

S R | M
a(30 G-

4) —(3,2,—1) = (-3,-2,1).
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(0 7 ¢ (0 =7\ _ (0 7\ _ . . . .
5)If A= (_7 0> then, A" = <7 0 > = <_7 O> = —A, therefore A is an antisymmetric matrix.

4.2.2 Product of matrices by a real number

Definition 105. Given a matrix A = (aij)mxn € Mmxn and a real number r € R, we define the product
of r by A and denote it as r- A or A -r as:

r-A=A-r= (T'aij)mxn € Muxn.

That is:
ail ai12 PN A1n T-al T-ai2 . r-ain
as1 a22 ‘e agn T-a21 T - a2 ‘e - agn
T- =
Am1 Am2 .- Amn, r-amip T -Qm2 ... T AQmn

Note that if we multiply a matrix of type m x n by a real number we obtain as a result a matrix of type
m X n.

Examples 106.

131 1 2 6 2 2
1)2'(2 6 0 —1)‘(4 12 0 —2)‘

Again we summarize the most important properties of the product of a number by a matrix. In all cases
the proof is evident and can be verified directly.

Properties 107. Vr,s € R, VA, B € M, xn:

1. Distributive property: v - (A+ B)=r-A+r-B.
2. Distributive property: (r+s)-A=r-A+s-A.
3. 1-A=A.

4. (-1)-A=—-A.

5 (r-s)-A=r-(s-A).
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4.2.3 Product of two

The operations of sum and product by a real number have a simple definition since it is sufficient to perform
the corresponding operation, element by element. The product of matrices does not have such a direct
formulation but we will see that the definition we give below is useful in different contexts and matrix

models.

Definition 108. Given A = (a;j)mxn € Mumxn and B = (b;j)nxp € Myxp we define the product of A and

matrices

B and denote it A - B, as the matrix

A+ B = (aitbij + aizbaj + aizbsj + -+ + ainbpj)i=1
j

.....

That is, in the position (7, ) of the matrix A - B is the element

row 3 of A

|

[£251] blj

|

|

+ ap by

|

+ a;3 bgj +

|

column j of B

which is obtained as the product of row i of A by column j of B.

Examples 109.

2 1
oL (3) -
2x3 3 1 32
2 1
2 1 2)-|-1 21 2)- (1
row 1 row 1 -
column 1 column 2
_ =2.241-(—1)42-3=9 =2-1+1-142-1=5
- 2 1
0 -1 0)-[-1] (0 -1 0)- |1
——— 3 —— 1
row 2 row 2 —
column 1 column 2

=0-2+(—1)-(—1)+0-3=1

1

(1 3 6) [0

W—l 0
column 1

=0-14(—1)-140-1=—1

36 10
9 1 01
“/2x3 \o 0

0

(1 3 6)- |1

) 0

row

column 2

2x2
0
0 =
1 3x3
0

(1 3 6) [0
N——— 1

row 1

column 3

=1.143-046-0=1

1
39 -1)- [0
— \0

column 1

=1-0+3-1+6-0=3

0

39 -1 (1

N 0
column 2

=1-0+3-0+6-1=6

0
39 -1)- [0
N— 1

row 2

column 3

=3.149-0+(—1)-0=3

=3.049-14(—1)-0=9

=3.049-0+(—1)-1=—1
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3) (0 0 0)-[1 -1

O1x3 3x2

1 1 3 3
4) [ 9 o(l 3 3)1X3: 9 27 27
1 3x1 1 3 3 3x3
1
5) (1 3 3)1X3~ 9 :(1-1+3~9+3~1)1X1:(31)1X1£31.
1
3x1
1 2 1 3
6) (2 1> 12 1 is an operation that cannot be performed because the types of matrices do
2x2 3 -1
3x2
not match.

Remark. Note that the product of a matrix of type m x n by a matrix n x p provides a matrix m x p.
Schematically we have:

m X n : n X D

~—V\
must be equal

result type m X p

Properties 110.

1. VA € Mpxn, B € Myxp, C € Mpyr

(A-B)-C=A-(B-C).

2. VA e Mpyxn, B € Mpyp, 7 €R

A-(r-B)y=(r-A)-B=r-(A-B).

3. VA,BEM'mX'ruCEMNXP
(A+B)-C=A-C+B-C.

4. VAEMan7B7CEMnXp
A (B+C)=A-B+A-C.

5. VA € Myxn
ImA:A ; Opxm'Aan :Opxn
A-I,=A4A

’ Amxn’onxp :Omxp

6. YA € Mipsn, B € Mpxy
(A-B)! = B! A"

7. VA, Be M,,A-BeM,.
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ay by

as b2
8. Given A = ) , B= ) , diagonal matrices of M,,, we have
Ay bn
nxn nxn
that:
ai - by
asz - by
A-B=
GQp, - Op
nxn
Example 111. If we consider the matrices
3 0 00 2 0 00
0 -1 0 0 0 -3 0 0
A=1o o 40| ™ B=19 o 1 of
0 0 0 2 0 0 0 5

we can perform their product in the usual way. However, since both are diagonal, it is sufficient to multiply
the elements of the main diagonal so that

3.2 0 0 0 6 0 0 0
o (-1)-(=3) o0 o] (030 0
A-B = 0 0 4-1 0 | oo 4 o0
0 0 0 2-5 0 0 0 10

Remark. Given two matrices A € My, xn, B € My, we may ask when it will be possible to perform both
the operation A - B and the operation B - A. We have that:

if it is possible to perform A,,xp - Bpxr = n=p } { Ae Mxn

if it is possible to perform Byx, - Apxn = T=m B e M,xm
. . A : B S mem
in which case { B-Ae M.,

In particular, if A, B € M,, (are of type n X n) we can calculate both A - B and B - A and furthermore we
obtain A-B,B-Ae M,,.

In general the product of matrices does not satisfy the commutative property (A- B = B - A) since we
will not always be able to calculate A - B and B - A and even when it is possible we will not always obtain
the same result.

Examples 112.

1
3 1 2 7
1)< )'2 :<>.
21 0),, \] 4

3x1
1
2 (32 cannot be calculated.
2 1 0
1 2x3
3x1
3 1 2 10
2)If A= (2 1 O) and B= |2 —1] since they are of type 2 x 3 and 3 x 2, we can calculate both A-B
1 2

and B - A. However we have that:
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1 0
3 1 2 7 3
(3002 5) - 2

1 0 3 1 2
*B-A=12 -1 (3 1 g): 4 1 4
1 2 7 3 2

We thus obtain that A- B # B - A and furthermore they are not even matrices of the same type.

3) If A= (_21 (1)) and B = <; ;) then we can calculate both A - B and B - A and furthermore

A-B,B- A€ Ms,, however:
2 1 1 1 4 5
xA-B= <—1 0) ' (2 3) - (—1 —1>'
1 1 2 1 1 1
crea=(aa)-(B0)-(02)
So in this case A- B and B - A are of the same type but are different matrices.

4) Given any matrix A € M,, it will be verified that
AL, =1,-A=A

so in this situation the products A - I,, and I, - A do coincide.

Power of matrices

Given a matrix A € M,,,x, it will be possible to perform the product
Amxn : Amxn

only when m = n in which case A would be a square matrix of order n. In those cases where A is not a
square matrix it will never be possible to perform the operation A - A.

We see then that it is only possible to calculate the product of a matrix by itself when it is square and
then, when performing this product, we obtain again a square matrix of the same type as the initial one.
This makes it possible for us to multiply a square matrix by itself as many times as we want. This leads to
the concept of power of a square matrix that we introduce in the next definition and which, as we will see
later, constitutes one of the most important tools in the construction of matrix models.

Definition 113. Given A € M,, we define, for k£ € N,

A= A.A. A B, AeM,.

Examples 114.
1) The matrix

2 1 0
A=[1 -1 2
2 -1 1



is square of order three. Being square we can calculate its powers. For example,

2 1 0 2 1 0 5 1 2
A2=A4-A=11 -1 2|-[1 =1 2|=(5 0 o©
2 -1 1 2 -1 1 5 2 -1

We can also calculate A3. To do this we will take advantage of the calculation done with A? in the following
way,

2 1 0 5 1 2 15 2 4
A=A A-A=A-A2=|1 -1 2|-|5 0 0]=1]10 5 0
2 -1 1 5 2 —1 10 4 3

In reality, to calculate the successive powers of the matrix A (A*, A, etc.), we can repeat this process by
multiplying the last power obtained again by the matrix A to thus obtain the next power. For example, if
we repeat the process once more we obtain A%:

2 1 0 15 2 4 40 9 8
At=A- A= |1 -1 2| 10 5 0 = 25 5 10
2 -1 1 10 4 3 30 3 11
—_——— —_———
The matrix A,  multiplied by the provides the next
previous power, A3, power, A%,
2) The matrix
1 2 1
A=10 -1 2
1 2 =2

is square of order 3 and we can calculate the product of it by itself and any of its powers. Let’s calculate the
powers A2, A% and A*. To do this we will start with A2. We have that

1 2 1 1 2 1 2 2 3
A2=(0 -1 2 ]-[l0 -1 2 ]=2 5 -6
1 2 -2 1 2 =2 -1 -4 9

Once we have calculated A2 we can multiply once more by A to obtain A2 in the form

2 2 3 1 2 1 5 8 0
A=A =42.4=2 5 —-6]|-l0 -1 2 |=|-4 -13 24
-1 -4 9 1 2 -2 8 20 -—27

Finally, applying the same procedure once more,

5 8 0 1 2 1 5 2 21
At =31 =43 A= -4 13 24 |-(0 -1 2 |]=]20 53 -78
8 20 -27 1 2 =2 —-19 —58 102

On the other hand, it is important to highlight the fact that the power of matrices cannot be solved by
raising the elements of the matrix one by one. That is, in general, we cannot calculate the power A* by

1* 2k 1+
Ok (_1)k 2k
1k 2k (_2)k
To realize this, it is enough to check this for the power A* that we calculated before:
4

1 2 1 IE 14
At=10 -1 2| #[0* (-n)* 24
1 2 -2 14 2t (=2)4

5 2 21 1 16 1
=( 20 53 —78 =0 1 16
—19 —58 102 1 16 16

131



In the previous example the basic procedure for calculating powers of a matrix is described. It can be
observed that the calculation of these powers leads to the performance of numerous matrix products and
therefore involves a high number of operations. Even if we have to calculate a power with a moderately high
exponent, we will find that it is impossible to perform the calculation by hand. This makes the calculation
of matrix powers a difficult operation that requires the use of other more sophisticated techniques that we
will study in the chapter on diagonalization.

In the following property, among other things, we will see that there is an exception to what was said in
the previous paragraph. When the matrix for which we want to calculate the power is diagonal, then the
calculation is simplified notably.

Properties 115.

1. Given A e M,, and k,p € N
Ak AP = AP AR = ARtP,

a
a
2. Given the diagonal matriz A = ) € M,, and k € N it is verified that:
an
nxn
af
FLE -
ak
n/ nxn
Examples 116.
2. 0 0o\ /22 0 o0 16 0 0
H|o 3 0] =0 3 0 |=(0 8 0
0 0 -1 0 0 (—=1)* 0 0 1

2) Given A € M, it is verified that
A3 A7 = (A-AA)-(A-A)=A-A-A- A A=A,
A2 A3 = (A-A)-(A-A-A)=A-A- A A A=A,

Therefore A3- A2 = A%. A3 = AP as indicated by the first of the properties stated above. This example gives
us an idea of how this property can be demonstrated in its most general form.

3) Point 2 of the previous property is applicable only to diagonal matrices. For arbitrary matrices such
property, in general, will not hold. Thus for example:

3

1 2 0 3 6 2 13 25 03 1 8 0
0 -1 1] =1 -1 3]#[0® (-1)® 12|=(0 -1 1
1 2 1 5 8 5 13 23 13 1 8 1
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4.2.4 Inverse matrix

Considering two matrices A and B of the appropriate types, we can calculate their sum, A + B, their
difference, A — B, or their product, A - B. However, we have not yet defined any operation that we can call
‘division of matrices’. This is what we are going to attempt in this section by defining the concept of inverse
of a matrix. Due to the type of operations involved, only a square matrix can have an inverse. To introduce
these new concepts we will begin by making some considerations:

e Given any matrix A € M,, we know that
A-I,=1,- A=A,

a property analogous to that verified by the number 1 within the real numbers (Vr € R, 1.r =7-1 =1).
We can then admit that the matrix I,, plays the role of 1 within the set of square matrices of order n.
That is, I,, is the unit of M,,.

e Given a,b € R, b # 0, the division of a by b can be calculated as

a 1 1
b a-g—a-b ,

where b~ is what is called the inverse of the number b. Therefore, when dividing two numbers, what
really interests us is to calculate the inverse of one of them.

e Given b € R, b # 0, we know that its inverse is another real number that we write as b~! and that is
the only number that satisfies
b-bt=b"1-b=1.

The inverse of b is that number by which b must be multiplied to obtain 1.

e Not every real number has an inverse since it is not possible to calculate 0~! = % because there is no
number x such that

0-z=1.
Due to all the above, it seems clear that, given a matrix A € M,,, if we want to define A~!, we will have
to find another matrix, B € M,,, such that
A-B=B-A=1,
and then that matrix B will be the inverse of A, that is, A~ = B.

Definition 117. Given A € M,,, if it exists, we call the inverse matrix of A and denote it by A~! the
unique matrix that satisfies:
At A=A-A"1 =1,

Examples 118.

1) Given <1 0) consider the matrix ( 1

11 O) and then we have that

-1 1

GO = )
GG - 6

Therefore, according to the definition we have given, we have that:

() -(hh)
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1 2 0 -1 2 2
2) Given (1 0 1 |ifwetake [ 1 —1 —1] we obtain:
01 -1 1 -1 =2
1 2 0 -1 2 2 1 0 0
1 0 1 1 -1 -1 = 0 1 0| =Is,
0 1 -1 1 -1 =2 0 0 1
-1 2 2 1 2 0 1 0 0
1 -1 -1 1 0 1 = 01 0)=1Is
1 -1 -2 0 1 -1 0 0 1
-1
1 2 0 -1 2 2
and therefore |1 0 1 =1 -1 -1
0 1 -1 1 -1 -2
1 0 O
3)Given B= [0 3 0 |, taking into account properties we know about the product of diagonal matrices,
0 0 =5

it is easy to calculate the inverse by taking the inverses of the elements of the main diagonal of B:

= -[37

o O © O ©
cumo O wo
\
oo hee
- oo O ook
O W o QwHoO
C'ﬂoc:u Hro o
OO~ OO+
OO OrR O
—o o Rk oo

and therefore B~ =

S ool
QWi O

0
0
1
-5

Note that this technique cannot be used with matrices that are not diagonal as evidenced in parts 1) and
2) of Examples 118 in which the inverse matrix is not the matrix formed by the inverses of the elements
of the initial matrix.

If we think about what would have happened if some of the elements of the main diagonal of B had been

zero, it also seems clear, in view of how we obtained B! before, that in such a case it would not be possible
to calculate the inverse.

. 11 . . . S
4) Let us determine whether A = > has an inverse matrix. If A has an inverse, it will also be a square

1 1
-1 _ a b
A7 = <c d) ’
Then we will have that

matrix of order 2 and therefore of the form
a1 1 1\ (a b\ _ a+c b+d\y (1 0
A-4 IZi(l 1) \e a)=27 \ave b+a) =0 1)7

at+c=1 b+d=1
a+c=0 b+d=0"
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which is impossible since it is evident that the quantity a 4+ ¢ cannot be simultaneously equal to 1 and equal
to 0. We therefore deduce that the matrix A does not have an inverse matrix.

5) Let’s try to calculate the inverse of the matrix A = (3 1)

To do this we will apply the same technique that we used in the previous example. In this way, if A has
an inverse we know that it will also be a square matrix of order 2 and therefore must be of the form

-1 _ [a b
A (c d).
Since the inverse matrix must satisfy A - A~ = I, we will have that
3 1\ fa b\ _ (1 0 N 3a4+c 3b+d\ (1 O NN 3a+c=1, 3b+d=0,
2 1 c d) \0 1 2a+c 2b+d) \0 1 2a+c=0, 20+d=1.
Solving tge system { a:l, b:—l,

c=-2, d=3.

See that in the end we obtain a linear system with four equations and four unknowns that is easily solved
so that finally we have calculated the inverse matrix which will be

L (1
4 _(_2 3).

Definition 119. We say that A € M,, is a regular matrix if the inverse matrix of A exists and otherwise
we say that A is a singular or non-regular matrix.

1 1Y. . . 11 3 1
Example 120. <1 1> is a singular while (1 O> or <2 1> are regular.

In parts 4) and 5 of Examples 118 we have presented the basic technique to decide whether a matrix
is regular or not and, if it is, to calculate its inverse. As we see, if we apply this technique, the calculation of
the inverse depends on the resolution of a system that in the case of a 2 x 2 matrix will have four equations
and four unknowns. The problem posed by this technique lies in the fact that, for matrices of higher order,
the number of equations and variables that will appear in the system multiplies considerably. Thus, for a
matrix of order 3 we would have 9 equations and for one of order 4 it would be 16. For this reason this
method is valid only in simple cases such as that of order 2 matrices. Once, in the following sections of this
topic, we introduce the techniques for handling matrices through elementary operations, we will have a more
effective method for calculating inverse matrices.

Let’s see some important properties of the inverse matrix.

Properties 121.

i) If A, B € M,, are regular then the matriz A - B is also regular and furthermore it is verified that:
(A-B)y"'=B"1t.A"%
ii) If A € M, is reqular then At is also reqular and furthermore it is verified that:
(At)fl — (Afl)t.
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ay

as
i11) Given the diagonal matriz A = . such that a1 # 0, as #0,...,a, # 0, we have that

A is regular and furthermore:

v) If A € M, is reqular and we take r € R, r # 0, then r - A is reqular and it is verified that:

(r-A)~' = 1 SATL

r

Examples 122. In the following examples we will resort to the different points of Properties 121:
1) Let’s calculate the inverse of some matrices taking advantage of some previous operations and the prop-

G0 6w=02)

We know through example 118 on page 134 the following inverse
1o\ (1 0
1 1 T\-1 1)
1 1) _ (1 o\’
0 1)  \1 1/
so, using property ii),

-1 t
1 0N /oYY /10 /1 -1
0 1 a 11 o 1 1 “\-1 1) \0o 1
and finally we can also use property i) to calculate
1o\ /10y /t 1\ _ /1 1\ /1 0\
1 2 o 1 1 0 1 \0 1 11
(1 -1\ (1 0y_[(2 -1
—\0 1 -1 1) \-1 1)

2) Given I,, € M,, we know that I, - I,, = I,, so the identity matrix is regular and its inverse is itself:

erties already seen. We have that

Also,

On the other hand, since I, is a diagonal matrix, we can also use property iii) to reach the same conclusion
about its inverse.
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3) Given A, B,C € M,, we are going to calculate the inverse (A - B - (C)~!. To do this we will repeatedly
use property ).
(A-B-C)™'=((A-B)-C)"" = (property i)) = C~ - (4-B)~*

= (property i)) =C~' - (B~ A"y =Cc"'. Bt . A7
In general reiterating this process it is easy to verify that given any number, k, of regular square matrices,
Ay, Ag, ..., Ay € M, it is verified that
(Ap-Ag - At = At A7t AT

4.3 Linear combinations, linear independence. Rank of a matrix

The analysis of a phenomenon will generally be based on the data related to that phenomenon that we obtain
by measuring the variables involved in it. Determining which variables are essential or not, which ones can
be obtained or explained through others, and in general measuring the amount of information we possess
about the phenomenon are essential tasks that are based on the concepts of linear combination, dependence
and independence that we will see in this section. We will begin by showing an example that highlights all
these issues.

Example 123. Suppose we are studying the vehicle fleet in different cities with the aim of making decisions
about the possibility of installing new companies in this sector. We conduct the study in seven cities that
we will call A, B, C, D, E, F and G. In each of them we will initially study two variables:

N¢ = Number of cars present in the city,
Ny = Number of motorcycles.

After the corresponding data collection we obtain the following values for these variables in each city (ex-
pressed in thousands of vehicles of each type):

No | Ny
CityA| 7 | 6
CityB| 8 | 5
City C | 10 | 5
CityD| 6 | 6
City E | 4 5
City F | 20 | 10
City G| 9 | 5

We intend to analyze the recycling of tires and motor-derived waste. For this it is reasonable that we study
in each city two new variables:

Npir = Number of tires circulating in the city’s vehicles,
N,, = Number of engines in use.

We could perform new data collections in the cities of the study to obtain the information of these other two
variables, however, it is evident that each car has four wheels and each motorcycle two, and that there will
be a single engine per vehicle. Therefore, in this case, it is not necessary to take more data since, knowing
the variables corresponding to the number of cars and motorcycles, No and Ny, we can calculate the other
two variables because clearly we will have that

Nr =4N¢ + 2Ny, and Ny, = N¢ + Ny, (4.2)

In this way if we obtained the data for all variables we would get
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Ne | Nar | Ng | Ny
City A| 7 | 6 | 40 | 13
City B| 8 | 5 | 42 | 13
City C| 10 | 5 | 50 | 15
CityD| 6 | 6 | 36 | 12
City E| 4 | 5 | 26| 9
City F | 20 | 10 | 100 | 30
City G| 9 | 5 | 46 | 14

and it is possible to verify how for each city the relations given in (4.2) are satisfied. Actually, each of the
four variables is a 7-tuple since it contains seven data, one per city, and using the operations we know for
tuples we have that

40 7 6 13 7 6
42 8 5 13 8 5
50 10 5 15 10 5
36 | =4 6 |+2] 6 and 121 =16 |+]6
26 4 5 9 4 5
100 20 10 30 20 10
46 9 5 14 9 5
——— ———
=Nrg =Nc¢ =Num =Nm =Nc¢ =Nm

We can verify that the information of Np and NV, depends on N¢ and N, and therefore it is not necessary
for us to take data in each city for these variables, we simply have to obtain the information for N and N,
by combining what we already have in No and Ny, through the dependence relations given by the equations
n (4.2). Actually, we can combine N¢ and Ny to obtain many other variables but all of them will contain
superfluous information that can be calculated from the data we already have. Other variables that are
obtained by combination of N¢ and Nj; could be:

e Np = Maximum number of transportable passengers,

e N = Number of nighttime illumination headlights.

Under the assumption that each car can transport five passengers and has two headlights and that each
motorcycle transports a maximum of two with a single headlight, the following dependence relations are
evident,

Np =5N¢g + 2Ny, and Np =2N¢ + Ny,
through which we can calculate the values taken by Np and Np in the different cities by tuple calculus in

the following way

47 7 6 20 7 6
50 8 5 21 8 5
60 10 5 25 10 5
42 | =56 |+2] 6 and 18 =216 |+] 6
30 4 5 13 4 5
120 20 10 50 20 10
55 9 5 23 9 5
———
=Np =Nc¢ =Num =Np =Nc¢ =Num

Actually any variable, IV, that is obtained as a combination of No and Ny, will be of the form
N =aN¢ + BNy
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and its values can be calculated by the tuple operation

7 6
8 5
10 5
N=al| 6 |+5]| 6
4 5
20 10
9 5
=Ng =Ny

For different values of o and 8 we can obtain an infinity of variables that are combinations of No and N
but in all cases their information will be superfluous once we know these last two.

On the other hand, it seems clear that the number of cars in a city is completely independent of the
number of motorcycles. That is, knowing the number of cars it is impossible to calculate the number of
motorcycles and equally in the opposite case. Thus, the variables No and Ny, are independent of each other
and both are essential so we need to take the data of both without one being obtainable from the other.
That is, there is no formula of the type

NC:CVNM or NM:OéNC
that allows obtaining N¢ as a combination of Ny, or vice versa.

Thus, it seems clear that in this problem the essential variables are No and Nj; from which we can derive
others as combinations.

The previous example serves as an introduction to the concepts of combination, linear dependence and
independence that we introduce in the following definition. It is evident that instead of studying seven cities,
the study could be extended to eight, nine or, in general, n. In such a case, each variable would be an n-tuple
with n data, one for each city. Likewise, more than two variables can participate in our study, instead we
could have three, four or, in general, m which would give us m, n-tuples, one for each variable.

Definition 124. Consider the n-tuples vy, vs, ..., v, € R™. Then:

i) We say that the n-tuple, w € R™, is a linear combination of vy, va, ..., Uy, if
W= 1V + a2+ -+ + QU

for certain real numbers a1, as, . . ., a,, that we call coefficients of the combination. The set of all linear
combinations of v1, va, ..., vy, is denoted (vy,va, ..., V).

ii) We say that vy, va, ..., v, are linearly independent if none of them can be obtained as a linear combination
of the others. We say that a single tuple is independent (i.e., m = 1) provided it is not null.

iii) We say that vy, va,...,v,, are linearly dependent if they are not independent.

These concepts correspond directly with the ideas we have presented in the example at the beginning of
the section. Indeed, applying this new terminology in the previous example we can say that:

e The tuples N, N,,, Np and Ny are linear combinations of N and Njy;. In other words,
Nr,Num,Np,Nr € (Nc, Nu).

We can also obtain many other combinations of No and Njs and all of them will be of the form
aN¢ + BNy for certain numbers «, § € R. Therefore,

<Nc,N]y[> = {Och + BNy, B € R}
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e The set formed by the tuples N¢o, Nar, Nr, Ny, Np, N is linearly dependent since some of them (the
last four) can be obtained as linear combinations of the others (of the first two). Consequently this
set we know that there are tuples (variables) that are superfluous whose information can be obtained
from the others.

e The tuples N¢ and N, are independent since neither is a linear combination of the other. Consequently
the information contained in these two tuples is essential and neither of them can be considered
superfluous.

From several tuples we can generate many others through linear combinations. In the previous example,
we have seen that from Ng and Nj; we can obtain many other new tuples such as Ng, Np,, Np or Npg
and actually we could obtain an infinity since simply by modifying the coefficients we use in each linear
combination we will obtain a new one. That is why the set (N, Njs) has infinitely many elements. The
same happens when we have any other tuples, by combining them we can obtain an unlimited amount of
new tuples and the set of their linear combinations will also be infinite.

The following property is essential since it emphasizes the idea that a tuple that can be obtained as a
linear combination of others is superfluous in a certain sense. Specifically we will see that, when generating
linear combinations, one of such tuples is unnecessary and can be eliminated.

Property 125. Given the n-tuples w and vy, va, ..., vy, it holds that

W E (V1,V2y ..., V) < (W, 01,02, .., Vm) = (V1,V2, ..., Un). .
If w is obtained as all combinations can also be obtained
combination of v1,v2,...,0m’ obtained using w, if we remove w

Therefore, when we have a set of tuples and we find out that they are dependent, we will also know that,
when obtaining tuples through linear combinations, said set can be simplified since we will have superfluous
tuples. For example, combining N¢, Ny and Nr we can obtain many tuples that will form the set

(Nc, Nu, NR).

Now, we know that these three tuples, {N¢, Nps, Nr} form a dependent set since N can be obtained as a
combination of the other two. Consequently, N is superfluous and we can eliminate it since

(NowNm, Nr) = (Nc, Nu).
—_———

all combinations can also be obtained
obtained using Ng, if we remove Ng

In other words, being dependent, in the initial set of combinations we can eliminate Ng,

(Nc, Nor, Ng).
Let’s see some additional examples.
Examples 126.
1) Consider the columns
3 2 1
2 1, lo], [-1
-1 0 3

If we add them multiplied by the numbers 5, 2 and —1 we obtain

3 2 1 15 4 -1 18
512 4+2(0+ (1 |-1]=|10]+|0]+|1]|=]|11
-1 0 3 -5 0 -3 -8
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Therefore, the tuple (18,11, —8) is obtained as a combination of the three initial ones with the coefficients
of that combination being 5, 2 and —1. Writing this in another way, we can put that

18 3 2 1
mled 2|, (o], [-1]).
-8 -1/ \o 3

2) Let us now take the 5-tuples
(2300 6) and (-1 2 3 0 1).

Again we can combine them to obtain a row different from the initial ones. For example we can multiply by
3 and 2,

32300 6)+2(-1 230 1)=

—(6 9 0 0 18)+(-2 4 6 0 2)=|(4 13 6 0 20)

If we had chosen different coefficients we would have obtained as a result a row also different. In this way,
if we now take 4 and —1 we have

4(2 300 6)+(-1)(-1 23 0 1)=

=(8 12 0 0 24)+(1 -2 -3 0 -1)=[(9 10 -3 0 23)

In short we have that
(4 13 6 0 20),(9 10 -3 0 23)6((2 3 0 0 6),(—1 2 3 0 1)>

Actually, by changing the coefficients we use to combine the two initial rows we could generate an infinite
amount of new linear combinations and therefore we know that the set

(2300 6),(-1 230 1)

has infinitely many elements. Despite this, it is worth asking whether it is possible to obtain any 5-tuple or
if on the contrary there exist tuples of R® that cannot be obtained by combining the two initial ones. In this
case it is easy to verify that the second option occurs since we can directly verify that through the two rows
we have it is not possible to obtain the 5-tuple (O 0 0 1 0) as a linear combination since, no matter
what numbers a; and as we choose to perform the combination, we will always have

@ (2300 6)+a(-1 2301 ad (00 0[1] o)

= <2a1 —as 3a;+2a2 3as @ 6a; + aQ) the row we intend to
obtain has a 1

the result always has ) -
in the fourth position

a 0 in the fourth position
and therefore no combination of the two initial rows will be able to produce the row in question. That is,
(0 0 0 1 O)¢<(2 3 00 6),(—1 2 30 1)>

and consequently
(2300 6),(-1 2 3 0 1))#R"

That is, not every 5-tuple can be obtained as a linear combination of (2 3 0 0 6) and (—1 2 3 0 1).
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2 1 5 0
. 0 2 -1 1 . . .
3) Consider the columns R O N and 9 By performing linear combinations of these
1 1 -3 2
columns it is possible to obtain new ones. The set of all their linear combinations will be
2 1 5 0
0 2 -1 1
< _1 b} 1 ) _7 }) 2 > -
1 1 -3 2
2 1 5 0
_ 2 -1 1] cR
== {al -1 + az 1 +a3 _7 + ay 9 - ap,az,as3,a4 }
1 1 -3 2
For example, taking a; = 2, as = —1, a3 = 1 and a4 = 3 we obtain the linear combination
2 1 5 0 13
0 2 -1 1 -1
2 1] 1 1 +2] 7 +3 o | =1 11
1 1 -3 2 1

The question is whether it is possible to obtain the same linear combinations with fewer columns or, said in
another way, if there is any of the four columns that is superfluous. Answering this question turns out to be
simple if we realize that the third column can be obtained by combining the other three in the form

5 2 1 0
-1 0 2 1
B e R - (4.3)
-3 1 1 2

Directly this means that the four initial columns are dependent since one of them (the third) is obtained by
combining the others and in such a case, if we apply Property 125, we know then that we can dispense
with that third column. But, what is the reason for this? Can we really obtain the same combinations if we
dispense with that column? Let’s see that it is easy to answer affirmatively to both questions.

Using the dependence relation (4.3) it is easy to verify that any combination of the four columns can also

13
be obtained using only the first, second and fourth columns. For example, :11 is a combination of the
1
four columns but using (4.3) we have that
13 2 1 5 0
-1 0 2 -1 1
11 =2 1 —1 1 + 2 7 +3 9 =
1 1 1 -3 2
——
We substitute
using (4.3)
1
13 2 1 2 1 0 0
—1 0 2 0 2 1 1
11 =2 1 —1 1 +212 1 +1 1 -3 9 +3 9 =
1 1 1 1 1 2 2
13 2 1 0
—1 0 2 1
ad BT Ik R R B A B
1 1 1 2



Therefore, it is sufficient to use the first, second and fourth columns. The fact that we can express the third
column as a linear combination of the others has allowed us to eliminate it from the linear combination.
Actually, this same argument is valid for any combination of the four columns and consequently

2 1 5 0 2 1 0
0 2 -1 1 0 2 1

< =171 |=7]"|2 )=/ =17 11]|2 )
1 1 -3 2 1 1 2

can also be obtained

All combinations obtained if we remove the third

using the four columns,

In short, the third column is superfluous when obtaining linear combinations and we could eliminate it,

2 1 ) 0
0 2 — 1

< _1 ? 1 ) 7 ? 2 >
1 1 —3 2

Let’s see next some complementary notes about dependence, independence and linear combinations.

Remark.
% Note that the notation (v1,vs,...,v,) that we saw in Definition 124 is used on occasions to abbreviate
writing. Thus, instead of writing

‘Let v be an element of R? that is a linear combination of (1,2, —1) and (2,2,1)’

we will put
‘Let v € ((1,2,-1),(2,2,1))".

% The zero tuple can always be obtained as a linear combination of any tuples vy, v, ..., v, (that is, it
always holds that 0 € (vy,ve,...,v)). To do this it is enough to take all the coefficients of the linear
combination as zero,

0=0v; +v2+ -+ 0v,.

This way of obtaining the zero tuple, being the simplest, is called ‘trivial’.

Example 127. Given the rows (2 3 4) and (4 3 9), we can obtain the zero row (in this
case the zero row will be 0143 = (O 0 0)) by taking equal to zero the two coefficients of the
linear combination in the form

(00 0)=0(2 3 4)+0(4 3 9).

This would be the trivial way to obtain the zero tuple.

% As a consequence of the previous comment, any set of tuples that contains the tuple 0 will always be
linearly dependent. Indeed, we know that the tuple 0 can always be obtained as a linear combination of the
others and therefore the set of tuples must be dependent.

Example 128. Without needing to perform any calculation we know that the tuples (1,2, —1), (2,1, 1), (0,0, 0)
are dependent since one of them is the zero tuple that can be obtained as a linear combination of the others

in the form
(0,0,0) = 0(1,2,—1) +0(2,1,1).

% Given several tuples vy, va, ..., U, in general, the set of their linear combinations, (v1,va, ..., v,) always
has infinitely many elements. That is, there is an infinite amount of linear combinations that can be obtained
from certain tuples.
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Example 129. If we take the tuples (2,1) and (3,2) we can obtain various linear combinations
from them and all will be of the form

ay (2, 1) + a2(3, 2),

where a1, a2 € R are the coefficients of the combination. By giving different values to a; and as
we will obtain their different combinations. Thus for example:

e Taking a; =3 and as = —1: 3(2,1)+ (-1)(3,2) = (3,1).
o Takinga; =2andap =2  2(2,1)+2(3,2) = (10,6).
e Takinga; =1landay=0: 1(2,1)+0(3,2) = (2,1).
e Takinga; =0anday=1: 0(2,1)+1(3,2) = (3,2).
e Takinga; =0and as =0:  0(2,1)+0(3,2) = (0,0).
We have that all the combinations thus obtained are elements of ((2,1), (3,2)). That is,

(3,1),(10,6),(2,1),(3,2),(0,0) € ((2,1),(3,2)).
In general we have that

((2,1),(3,2)) ={a1(2,1) + a2(3,2) : aj,a R}

combinations of The coefficients take
(2,1),(3,2) different real
values

Gathering all these combinations we obtain
all of ((2,1), (3,2))

As in the previous example, in general we have that

(v1,v2, ..., Um) = {a1v1 + agva, -+ + AU : a1,a2,...,am € R}.
Combinations of The coefficients take
V1yeeesUm different real
values

Gathering all these combinations we obtain
all of (v1,..., U, )

There is a unique case in which the set of linear combinations is not infinite and has a single element. This
case is when the only tuple we have to obtain linear combinations is the zero tuple. Then, the only tuple we
can obtain as a linear combination is the zero tuple itself. That is,

(0) = {0}

Example 130. Let us take the tuple 0 of R3, (0,0,0). We have that
((0,0,0)) ={ a1(0,0,0) cap €R -} ={(0,0,0)}.
—_———

=(0,0,0)
always gives the same

No matter how many values we give to a;
we only obtain (0,0, 0)

In this way we see that ((0,0,0)) does not have infinitely many elements as happens in general
but only one.

% It is always true that
V1,V2, oy Uy € (U1,V2, ..., Um).
That is, vy, vo,...,v,, can be obtained as linear combinations of the tuples vy, vs,...,v,,. But this is clear
since v; is achieved by taking zero all the coefficients except the one that multiplies v; which we take equal
to 1:
(o :001+01)2+"'+0117;,1 +1vi+Ovi+1+~~+0vm.
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Example 131. We have that
(2,-1,2) € ((1,2,1),(2,-1,2), (3,3,1))
since we can obtain (2, —1,2) through the following combination
(2,-1,2) =0(1,2,1) + 1(2,-1,2) + 0(3,3,1)
in which the coefficients are 0, 1 and 0. Reasoning equally it is also clear that

(1,2,1),(3,3,1) € (1,2,1),(2,-1,2),(3,3,1)).

% It is evident that if we have more tuples with them we will also be able to perform more linear combinations.
That is, if we have the m tuples vy, v2, ..., v, € R™ and additionally we take ¢ more tuples, wy, ws,...,wq €
R™, it holds that

(V1,02, ..., Um) C (V1,02 ..., Uy, W1, W, ..., W) -

All combinations we_can also obtain them
we can obtain combining vi, ..., Um, W1,..., Wy
combining vy, ..., Un

This is clear since if v is obtained as a linear combination of vy, vs, ... v,, with the coefficients a1, as, ..., am,
V= a1v1 + ag¥2 + -+ AU,

then v is also obtained as a linear combination of vy, va,..., Uy, w1, ws, ..., w, taking now as coefficients
ai,ag,...,a,n and 0,0,...0,

v = a1v1 + agV2 + - - - + Uy + 0wy + 0w + - - - + Owy.

Example 132. Given (2,3,—1,0),(1,2,1,1) € R* and additionally (1,6,3,1),(0,3,0,1) € R*,
any combination of the first two, for example

3(2,3,-1,0) +2(1,2,1,1) = (8,13, —1,2),
can also be written as a combination of the four, for example

(8,13,—1,2) = 3(2,3,—1,0) + 2(1,2,1,1) + 0(1,6,3,1) +0(0, 3,0, 1).

Therefore,
((2,3,-1,0),(1,2,1,1) ) C { (2,3,-1,0),(1,2,1,1) , (1,6,3,1),(0,3,0,1)).
% If v1,v2,...,v, are independent, any subset of tuples we choose from among them are also linearly
independent.

Example 133. It is possible to verify that the 4-tuples
(15 27 713 ]‘)ﬂ (27 17 13 1)7 (Oa 715 17 1)7 (23 727 17 1)

are independent. In such a case any subset of them that we take will also be independent. For

example,
(17 23 717 1)7 (Oa 717 17 1)) (27 723 1) 1)

are independent tuples.
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% If among the tuples vy, v2,...,v, any of them appears repeated, then said tuples are linearly dependent.

Example 134. The 4-tuples
(37 27 _17 2)7 (27 1a 27 1), (37 2a _17 2)7 (7a 27 3) 1)

are dependent since one of them appears repeated. To see it it is enough to take one of the tuples
that appears repeated, (3,2, —1,2), and try to obtain it as a combination of the remaining ones
which in this case are (2,1,2,1), (3,2,—1,2) and (7,2, 3,1). Being repeated, among the remaining
ones the tuple we want to obtain will appear again and then it is simple to pose the combination
by taking zero all the coeflicients except the one corresponding to the repeated tuple:

(37 27 _]-7 2) = 0(27 11 2a 1) +1 (37 21 _17 2) +0(77 27 3a ]-)
———— —_———

The repeated tuple appears among the remaining ones

and therefore we can obtain it easily as a linear combination.

Aqui estd la traduccién al inglés del fragmento sobre matrices, cumpliendo estrictamente con todas las
indicaciones proporcionadas.

“latex

4.3.1 Basic techniques for studying linear dependence

We already know what a linear combination is and we are familiar with the concepts of dependence and
independence. We now need techniques that allow us to solve problems related to these concepts. Specifically,
we need to solve the following problems:

a) Determine whether a given tuple can or cannot be obtained by combining others.

b) Determine whether a set of tuples are dependent or independent.

Let’s see how we can do this.

Determining if a tuple is a linear combination of others

We know that a tuple, w € R", is a linear combination of vi,vs,...,v, € R™ if we can find numbers
Qa1,Qs,...,0Q, such that

W = V1 + Vg + -+ 4+ Ay Uy -
In reality, when a1, as, ..., a,, are unknown, the expression above constitutes a system of linear equations
whose variables are the coeflicients we want to determine. If we can solve this system we can find the numbers
we are looking for and w can be obtained as a linear combination; otherwise, it will not be possible.

Let’s see this better in the following examples.

Examples 135.

1) Determine if the tuple

S ot Ww

10
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is a linear combination of the tuples N¢o and Nj; from Example 123. N; will be a linear combination if
we can find the numbers «, 8 € R such that

N; = aNc + BNys.

If we substitute the value of each tuple and perform the matrix operations appearing in the expression, we
will have

1 7 6 1 Ta+ 68
3 8 5 3 8o+ 50
5 10 5 = 5 10 + 55
0O |l=a]|l 6 |4+5]| 6 Performing 0 | =] 6a+68
-1 4 5 the operations | —1 4o+ 50
10 20 10 10 20c + 1083
4 9 5 4 9a + 50
=Nc¢ =Num
and if we now equate row by row we arrive at
Ta+65=1
8a+56=3
10+ 58 =5
6a+ 658 =0
da+56 = -1
20+ 108 =10
9a+ 55 =4

As we said, when the values of the coefficients are unknown, setting up the linear combination yields a system
of linear equations. We must now try to solve this system to answer the question posed. In this case, it is
easy to find the solution. For example, if we subtract the second equation from the third we get that o =1
and then substituting into any other equation we can solve for § = —1. We can check that all equations are
satisfied for these values of o and . Therefore, we have calculated the coefficients o and 8 that we need
and we now know that INV; can be written as

N1y = N¢g — Ny

Thus N € (N¢, Npy), that is, N can be obtained by combining No and N, as indicated in this last relation
of dependence.

Note that the problem reduces to finding the solution of a system of linear equations.

Let us now study the same problem for the tuple

N,

I
[ = T S SO SR

Repeating the same steps, we must again find the coefficients a and 8 such that

1 7 6 1 Ta+ 60 Ta+68=1
1 8 5 1 8a+ 56 8a+56=1
1 10 5 1 10a + 50 10a+58=1

No=aNc+ 08Ny = |1|=a|l 6 |+8]| 6 | =|1] =] 6a+68 | =< 6a+658=1
1 4 5 1 da+ 56 da+56=1
1 20 10 1 20a + 1083 20+ 108 =1
1 9 5 1 9a + 56 9a + 56 =1

=N¢ =Num
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We must now determine if this system has a solution or not. If we subtract the second equation from the
third we get that o = 0. If we now solve for § in the first equation we get § = 1/6. On the other hand, if
we solve for it in the second equation, 5 = 1/8. Since 8 cannot take two different values simultaneously, we
conclude that the system has no solution and, consequently, it is not possible to find the coefficients « and
[ that we need. Therefore, we finally have that

Na ¢ (N¢, Nur)

and the tuple Ny cannot be obtained by combining N and Ny;.

2) Check if (3,3,1) € ((1,2,1),(1,1,1),(2,1,1)).

Again we must find the coefficients, in this case three, needed to form the combination that produces the
tuple (3,3,1),
(3,3,1) = (1,2,1) + B(1,1,1) + (2,1, 1).

Performing the operations and equating we have

a+B+2y=3
(3,3, 1)=(a+B8+2v,2a++7v,a+p+7) =>4 20+B+7=3
at+tf+y=1

To solve the system,

subtracting the last equation from the first = y=2,
subtracting the last equation from the second = «a =2,
substituting and solving in the third = [=-3.

Therefore
(3,3,1) =2(1,2,1) — 3(1,1,1) + 2(2,1,1)

and (3,3,1) € ((1,2,1),(1,1,1),(2,1,1)).

3) Study whether (1,0,0) € ((1,2,1),(1,1,1),(2,3,2)).

Repeating the process we will again obtain a system of linear equations,

at+pf+2y=1
(1,0,0) = a(1,2,1) + B(1,1,1) + 7(2,3,2) = { 20+ B+3y=0
a+pB+2y=0

and it is evident that the first and the last equation cannot be satisfied at the same time since a+ (42 cannot
simultaneously be 1 and 0. Consequently, this system has no solution and we cannot find the coefficients «,
B and . Therefore,

(1,0,0) ¢ ((1,2,1),(1,1,1),(2,3,2)).

Study of linear dependence and independence

Given several tuples vy, vs,...,v, € R™ we know that it is always possible to combine them to trivially
obtain the tuple 0 of R™ (which is the n-tuple with all its entries equal to 0, 0 = (0,0,...,0) € R™). To do
this, it is enough to form the linear combination of them with all coefficients equal to zero since clearly

Ovy + Ovg + - - - 4+ 0v,,, = 0.

But, is this the only way to obtain the tuple 0 as a combination of vy, vs, ..., v,, or will there be others? In
fact, this question is the key to determining whether the tuples v, vo, ..., v, are independent or not.
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To justify this last point, let’s return to Example 123 where we were studying the motor vehicle
fleet in different cities and take the tuples N¢, Njys and N which respectively contained the information
corresponding to the number of cars, motorcycles, and wheels circulating in each city. Since

Np = 4Nc + 2Ny,

we know that these three tuples, {N¢, Ny, Ng}, are dependent since one of them can be obtained by
combining the others. If we move all the terms in this last equality to the same side we have

4Ng + 2Ny — Ng = 0,

where 0 = (0,0,0,0,0,0,0) is the 7-tuple zero. In this way, since they are dependent, we can find a way to
obtain the tuple 0 different from the trivial one.

This idea, which we have just illustrated with this example, is precisely captured in the following property
that outlines the basic technique for studying the dependence or independence of a set of tuples.

Property 136. Consider the tuples vi,va, . ..,v, € R™. Then if the only values of the numbers ay, as, ...,y €
R for which we obtain
o1v1 + agva + - -+ AUy, =0

are ay = ag = - -+ = oy, = 0, said tuples are independent. Otherwise, the tuples will be dependent.

Let’s see this more clearly in the following examples.

Examples 137.

1) Let us study whether the tuples (2,3,1), (4,6,4), (4,6,3) € R? are dependent or independent. To do this
we must determine for which numbers aq, @y and as we have

011(2, 33 1) + 042(4, 67 4) + 043(4, 67 3) = (0> 07 0)
First we will perform the matrix operations indicated in this equality, which leads us to
(20[1 + 4dag + 4das, 3oy + 6aig + 6as, vy + 4dag + 30[3) = (0, 0, 0)

and now equating both members we finally obtain the system of linear equations with three variables and
three equations,

2001 + 4ag + 43 =0

3aq + 6as 4+ 6az =0

ar +4as +3a3 =0

Solving this system we must determine the possible values for oy, as and as. In this case,

201 + 4oy +4a3 =0 ——> a1+/2a;/+/2(13/:0

dividing by 2

3ap +6as +6a3 =0 — a3 +2a2+2a3=0 ,
dividing by 3

a1+ 4as 4+ 3a3 =0 a1 + 4das + 3a3 =0

where we have eliminated the first equation because it coincides with the second. Now the system becomes

o1 + 20&2 + 2043 =0 a3 — 720&2
equation 2 minus equation 1

a1 +4as +3a3 =0 —— a1 =29
substituting

This is therefore a compatible indeterminate system that will have infinitely many solutions. For each value
of ay we can calculate oy and as using the equations we have obtained. Since we have infinitely many
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solutions we can find expressions for the zero tuple different from the trivial one and directly Property 136
tells us that these tuples are dependent.

Although we already know that the tuples are dependent, as an example, we can obtain a specific solution
of the system and its corresponding linear combination. If we take as = 1 we obtain, using the previous
equations, the solution

a1=2, OzQZL a3:—2,

which leads us to the following non-trivial expression of the zero tuple,
2(2,3,1) + (4,6,4) — 2(4,6,3) = (0,0,0).

In fact, from this non-trivial combination we can deduce that the tuples are dependent simply using the
definition of dependence since it allows us to express one of the tuples as a linear combination of the others.
For example,

(0,0,0) =[2](2,3,1) + 1 (4,6,4) + (~2) (4,6,3) = (0,0,0) —[2] (2,3,1) = 1 (4,6,4) + (~2) (4,6,3)

1 2
= (2,3,1) = ——(4,6,4) + ——(4,6,3)

2] 2]

We see in this way that (2,3,1) is a linear combination of (4,6,4) and (4,6,3) and we have again the
dependence.

2) Let us check if the tuples (1,1,3),(2,0,—1),(—1,0,1) are dependent or independent.

To do this, we will use Property 136. Suppose that a certain linear combination of the tuples yields
the zero tuple,
a1(1,1,3) + a2(2,0,—1) + a3(—1,0,1) = (0,0,0).

We must determine the coefficients of this combination, a;, as and az. To do this we will solve the system of
linear equations that arises when we perform the operations indicated in the linear combination and equate.
Let’s see it,

a1(1,1,3) + a2(2,0,—1) + a3(—1,0,1) = (0,0,0)

\
(a1,a1,3a1) + (2a2,0, —ag) + (—as,0,as) = (0,0,0)
4
(a1 + 2a2 — a3, a1,3a1 — az + az) = (0,0,0)

For two tuples to be equal, each
| of their components must be
equal.

a1 +2as —az =0
a1 = 0
3&1 —ag +asz = 0
The coefficients a1, as and ag must satisfy the equations of the previous system. Now, if we solve the system

we easily obtain that
a1:0, (LQZO, a3:O

and therefore the coefficients of the combination are all necessarily equal to zero. In this way, we verify that
in this case the only way to obtain the zero tuple is to take all the coefficients of the combination as zero
and we deduce that the tuples are independent.

3) Study the dependence and independence of the tuples (2,0,0,1), (0,1,0,-1), (4,—1,0,3), (0,1,1,0).
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We will use the same technique as in the previous section, equating to zero a linear combination of the
tuples and obtaining the corresponding system of equations:

.13(2, Oa 07 1) + y(oa 1707 _1) + 2(4’ _1707 3) + UJ(O, 17 1a 0) = (0707Oa 0)

\
(2$, Oa 0) Z‘) + (05 Y, 07 _y) + (427 —%, 0) 32) + (07 w, w, 0) = (07 07 Oa 0)
\
2z +4z,y — z+w,w,x —y + 32) = (0,0,0,0)
!
20 4+42z=0
y—z4+w=20
w=70
T—y+32=0
If we solve the system we observe that we can only solve for three of the variables in the form
T =—2z
y==z
w=0

It is easy to realize that this is a system with infinitely many solutions that we can obtain by giving different
values to z in the above equalities. Since we have solutions different from the trivial one, directly, via
Property 136, we deduce that the tuples are dependent.

4) Consider the n elements eq, eq, €3, ..., e, of R™ defined as follows:
er = (1,0,0,0,...,0,0),
es = (0,1,0,0,...,0,0),
es = (0,0,1,0,...,0,0),
e, = (0,0,0,0,...,0,1).

It is easy to see that they are independent using again Property 136. To do this, suppose we obtain the
tuple 0 of R™ (i.e., 0 = (0,0,0,...,0)) as a linear combination of ej, e, ..., e, in the form

ajer +ages + -+ ape, =0

and let’s see that in such a case the only possibility is that all the coefficients «ay, as, ..., a, are equal to
zero. We have that
are] + ages + - +ape, =0

= a1(1,0,0,...,0) + a2(0,1,0,...,0) +...an(0,0,0,...,1) = (0,0,0,...,0)
= (a1,0,0,...,0) + (0,as,0,...,0) + (0,0,0,...,a,) = (0,0,0,...,0)
= (a1,q2,...,a,) = (0,0,...,0)

o] = 0,
Qg = 0,
=
a, = 0.
Therefore all the coefficients a1, as, ..., a, are necessarily zero and as a consequence e, é€a,...,€, are
independent.
The tuples ey, es,..., e, of R, are called coordinate n-tuples of R and we will see that they play an

important role within matrix theory. For each set R2, R3, etc. we have a different set of coordinate n-tuples.
Let’s look at some examples:
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e In R? the coordinate 2-tuples are 2:
e1 =(1,0) and ey =(0,1).

We also know that e; and ey are independent of each other.

e In R3 the coordinate 3-tuples will be 3:
e1 =(1,0,0), e2 = (0,1,0) and es=(0,0,1).

These three tuples are independent of each other.

e In R? the 4 coordinate tuples are
e1 = (1,0,0,0), e =(0,1,0,0), e = (0,0,1,0), and e4 = (0,0,0,1).

Again, these four tuples form a linearly independent set.

In the same way we have the coordinate n-tuples for any set R™.

Note that the notation e, es, etc. is ambiguous. Depending on whether we are in R2, R? or R%, e; or ey
will mean different things. It is similar to what happens with the tuple 0 which will be 0 = (0,0) for R? or
0 = (0,0,0) for R3. Tt is necessary to be careful with the problems posed by this ambiguity and as always,
determine based on the context of each problem the appropriate option.

4.3.2 Rank of a Matrix

In this section we will introduce the concept of the rank of a matrix and we will describe techniques to
compute it easily. Through the properties we will see for the rank we will be able to study the dependence
and independence of sets of tuples quickly.

Given any matrix we can consider its row or column tuples. The analysis of these row or column tuples
allows us to define the concept of the rank of a matrix.

Definition 138. Given the matrix A = (v1|va] ... |vn) € Minxn whose column tuples are vy, va, ..., Uy, We
call the rank of the matrix A, and denote it by

rango(A) or r1(A),

the size of the largest subset of independent tuples that we can find among the column tuples vy, va, ...,
vy,. By definition, we will say that the rank of the matrix 0,,x,, is 0.

Examples 139.
1) Let’s take

1 0 00
A=({0 1 0 0
0 0 0O
Its column tuples are
1 0 0 0
0, (1}, 10 and 0
0 0 0 0

The first two correspond to the coordinate tuples e; and ey of R? and the last two are equal to the tuple
0. To calculate the rank we have to obtain independent sets from the column tuples and keep the largest of
these sets (the one with the largest number of elements). The 3-tuples coordinates of R3, which are e, ey
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and e3, form an independent set and any subset of it remains independent so {ej, e2} is linearly independent.
Therefore, taking the first two columns of A, we have the set

{e1,e2}

which is independent and has size 2. We can ask ourselves if there will exist some set of independent columns
with more elements. However, we know that any set that contains the tuple 0 will always be dependent.
Therefore the last two columns can never be part of any independent set. From this we deduce that any set of
column tuples larger than {eq, es} should include at least one of the tuples 0 and would not be independent.
In this way, the largest set of column tuples independent that we can achieve is {e1, ea} which has size 2 and
consequently

rango(A) = 2.
2) Let’s take the matrix
1 00
010
B= 0 0 1
0 00

Its column tuples,
(1,0,0,0), (0,1,0,0), (0,0,1,0)

coincide with the first three coordinate tuples of R*, e;, e; and e3. But any subset of the coordinate tuples
forms an independent subset and therefore the column tuples of the matrix B are independent. The largest
linearly independent set that we can obtain from these three columns will therefore consist of taking them
all and for that reason it will have size 3. Consequently,

rango(B) = 3.

3) Using the same arguments as in the two previous examples we can calculate at a glance the rank of some
simple matrices:

100 00
01 0 00
erango g o 4 g of =3
00 0 00O
1 0 00
01 00
eTango | o o 1 o =4.
0 0 01
1 0 0
erango (0 O 0| =1
0 0 0
1 0 00
e rango (4 o o =2

4) In Definition 138 it is established that the rank of the zero matrix is always 0. Some examples of this
are:

® rango

o O O
o O O
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e rango 00 =0
0 0 ’

In reality, the column tuples of the zero matrix are all of them equal to the corresponding zero tuple and
therefore we can never form any independent set with them. Hence the rank of these matrices is established
as 0.

In the previous examples we see that it is possible to calculate the rank of simple matrices in which all
elements are zero except for some ones arranged diagonally. Schematically we represent all of them in the
form

I |
0 | 0)°

which designates a matrix with all its elements zero except for r ones arranged diagonally. Taking into
account the examples seen, the following property is evident:

Property 140. Given r,n,m € N:

I. | O

i) rango 0T 0

=r.

i1) rango(l,.) = r.

i11) rango(0p xm) = 0.

In other words, to calculate the rank of a matrix with all its elements zero except for ones on the diagonal,
we only need to count the number of ones that appear in it. For example, the identity matrix of order r will
always have rank r since it has r ones arranged diagonally.

I, | 0

0 | O
and obviously not all matrices are of this form. If we have any matrix we can try to transform it into one

The question is that so far we only know how to calculate the rank of matrices of the type

I. | 0
0 | 0
the value of the rank. Let’s see the following example:

of the type and then calculate its rank. Of course, the transformation we apply must respect

0 001
. 0 01 0. » | 0 o .
Example 141. The matrix A = 100 ol not of the type 0 0) however it is sufficient to
0 0 0O
modify the order of the columns to obtain:
0 0 01 10 00
A 0 010 01 0 O
1 0 0 O Reordering columns 0 01 0
0 0 0 O 0 0 00

Now, the rank is the size of the largest set of independent columns and evidently the initial matrix, A, and
the one obtained after applying the transformation have the same columns. Therefore, it is clear that the

| 0 and its rank

rank of both must coincide. But the transformed matrix is clearly of the type A = 0

i
0
is evidently 3 (three ones on the diagonal). As a consequence

r(A) = 3.
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Changing the order of the columns of a matrix does not alter the rank and in the previous example this
property has allowed us to calculate the rank of the matrix A which we initially did not know. Unfortunately
I. | 0 b
0o | o)
modifying the order of the columns. However, we can ask ourselves the following two questions:

if we start from an arbitrary matrix, we will not always be able to arrive at one of the type

a) Are there more transformations like this one that modify the matrix but not the value of the rank?

b) Assuming the answer to question a) is affirmative: Will the available transformations allow us to convert
I, | 0

?
0 | 0

any matrix into one of the type

In the remainder of this section we will see that in both cases we have an affirmative answer. We begin
by seeing in the following property three types of transformations that do not modify the rank. With this
we solve question a).

Property 142. Given the matric A € M, xn, it holds that:

i) If we modify the order of the rows or columns of A, the resulting matriz has the same rank as A.

i) If we multiply one of the rows or columns of A by a number different from zero, the resulting matriz has
the same rank as A.

iii) If we add to one column (respectively row) another column (respectively row) multiplied by a number,
the resulting matriz has the same rank as A.

In the previous property, we affirm that there are three types of transformations that we can apply to a
matrix without the rank varying. These transformations are what are usually called elementary operations
on the matrix. Specifically we have:

Definition 143. Given a matrix A = (@;j)mxn € Mmxn We call an elementary operation on A any of the
following transformations:

e Multiply a row or column by a non-zero number.
e Modify the order of the rows or columns.

e Add to one column (respectively row) another column (resp. row) multiplied by any number.

Then Property 142 tells us that elementary operations are transformations that preserve the rank of a
matrix.

In what follows we will use the following nomenclature to describe the elementary operations we perform
on a matrix:

a) When we multiply the i-th column by a number & we indicate it by ”kCi”.
b) When we interchange column ¢ with column j we indicate it by ”?Ci<>Cj”.
¢) When we add to column ¢ the column j multiplied by a number k we denote it by ”Ci=Ci+kCj”.

d) The same operations for rows are denoted using the letter ”F” instead of ”C”.

Examples 144.
1) Let’s apply a series of elementary operations to the following matrix:

1 2 3 2 1 3
0 -1 0 C1+C2 -1 0 0
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1 0 3
F1=F1+42F2 0 -1 0

0 -1 0

F1+F2 1 2 3

3 6 9

3C1 0 -1 0
1 2

The matrices that appear on the right, all of them, have been obtained from 0 —1 g) by applying
elementary operations. Since elementary operations preserve the rank, all of them will have the same rank

as the initial matrix:
a0123*a0213*a0103
rango g —1 o) T 1 0 o) TN 0 -1 0
7a00_107a0369
Trango\y o g) TIAEO g 1 o)
2) To calculate the rank of the matrix

1
A=| 2
—4

= o O

0
1
0

. . o . 1 0
we can apply elementary operations to it to try to transform it into a matrix of the type %‘ﬂ Let’s
see how we can do it:

1 00 1 00 1 00
A=|(2 0 1|——12 1 0] —— | 0 1 O
41 o) oo \_y o 1) FEFeRL o\, 4
1 00
— |0 0
F3=F3+4F1 | o0 (4
0

Indeed, the last matrix obtained is of the type %‘ﬁ and therefore we know how to calculate its rank.

At the same time said matrix has been obtained from A through elementary operations and its rank is the
same as that of A. In short, we calculate the rank of A as

rango(A) = rango

O O =
o = O
= O O
I
w

The last example reproduces the method we intend to apply to calculate the rank of a matrix. Given

the matrix A we will apply elementary operations to it to try to transform it into a matrix of the type
I, 0

0 0)’

(1| 0\

Elementary operations \O ‘ 0} ’

Then we calculate the rank of A through the matrix obtained as

r

rango(A) = rango 0

o O
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However, in this whole process the question b) that we formulated on page 155 remains unanswered. That

I, 0

?
0 Tk The
affirmative answer is given by the following property. The proof of the property is based on the application

of the Gaussian elimination method that we describe below.

is: Will we always be able to find the adequate elementary operations that transform A into

The Gaussian elimination method

The Gaussian elimination method or Gaussian elimination allows us to reduce, through elementary opera-
tions, any matrix to a matrix with ones on the diagonal and the rest of the elements zero. It is what is called
an iterative method. That is, it is based on the repeated application of the same steps. These steps are the
six we will see below and they will be the ones we will always apply to calculate the rank of a matrix.

We will see the steps to follow while reproducing them on a concrete example. So, these are the steps of
the Gaussian elimination method:

1) We select in the matrix a row or column in which there exist at least two non-zero elements. In general
we will select the row or column with a larger number of zeros.

2) In the row or column selected in the previous section we choose a non-zero element which we call the
‘pivot’. We must take into account the following criteria:

e In the case of manual calculations, the choice of the pivot element with value equal to 1 or —1 can
simplify the operations.

e In the case of precise calculations, the best results are obtained by selecting as the pivot the element
of the row or column with the largest absolute value.

Example 145. Let’s apply the method to the matrix

\

—
N = o O
W o~ =

We have selected the third row since it has more zeros than any other row or column. Within the row we take
the third element as the pivot, whose value is 1, with the objective of simplifying subsequent calculations.

3) We use the pivot to cancel all the elements of the row or column initially selected.

Example 146. Within the selected row there is only one non-zero element different from the pivot. We
must perform an operation to eliminate this element

1 2 01 1 2 0 1
1 -1 2 1 -3 -1 2 1
2 0 1 0] ci=ciecs 0 0O 1 0
1 -1 2 3 -3 -1 2 3

Note that to cancel elements in a row we must perform operations by columns. Similarly, if we had to
eliminate elements of a column we would do operations with rows.
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4) We use the pivot to cancel the elements of the row or column perpendicular to the one we had selected
in step 1 that intersects at the height of the pivot.

Example 147. We select the column perpendicular at the height of the pivot:

1 2 01
-3 -1 2 1
0 0o 10
-3 -1 2 3

Since we are going to eliminate elements in a column we will do operations by rows.

1 2 01 1 2 0 1
3 -1 2 1 -3 -1 0 1
0 0 l 0 F2=F2-2F3 0 0 l 0
-3 -1 2 3/ oo 10 3

5) Whenever there remains some row or column with more than one non-zero element we return to step 1.

Example 148. It is evident that in the resulting matrix from the previous example there remain rows and
columns with more than one non-zero element. We then return to step 1 selecting one of these rows or
columns. We will take the second column and as pivot its second element and apply steps 3 and 4:

1 2 01 -5 0 0 3 -5 0 0 3
3 -1 001 3 0-10 1 0 -1 00O
_ _

0 0 10 F1=F1+42F2 0 0 10 C1=C1-3C2 0 0 10
-3 -1 0 3 FA—FAF2 0 0 0 2 Ca—CatC2 0 0 0 2

Since there are still rows and/or columns with more than one non-zero element we return again to step 1.
We now take the last row and as pivot the first element:

-5 0 0 3 -5 0 0 3 -5 0 0 O
0 -1 0 0 - 0O -1 0 O 0O -1 0 O
0 0 1 9 0 0 1 9 Fl:Fl—%F4 0 0 1 9
0O 0 0 2 0O 0 0 2 0O 0 0 2

In the resulting matrix there are no rows or columns with more than one non-zero element. We will then
proceed to the last step.

6) If necessary, the rows or columns are reordered to bring the matrix to diagonal form. If on the main
diagonal appear non-zero elements different from 1 we can appropriately divide the corresponding row or
column to transform them into 1.

Example 149. The matrix, as it was left in the last example, is already in diagonal form so it is not
necessary to reorder rows or columns. Since on the main diagonal there are non-zero elements different from
1 we will appropriately divide the corresponding rows:

-5 0 0 0 10 00
0 -1 0 0 0 1.0 0]_ I
0 0 1 0 Fi— L F1 0 01O '
0 0 0 2 Fa— Lo 0 0 01
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Finally we have obtained a matrix of the type {)T 8 . We can now calculate the rank of the initial

matrix A:
1 2 01 1 0 0 0
1 -1 2 1 01 00
rango | o g 1 of =rmeofy o 1 ol = 4.
1 -1 2 3 0 0 01

Property 142 and the Gaussian elimination method answer questions a) and b) that we formulated on
page 155. These two properties, especially the Gaussian elimination method, together with Property 140
provide us with a mechanism to calculate the rank. In this way, the idea for calculating the rank of a matrix
A is based on the following steps:

1. We apply the Gaussian elimination method to find a list of elementary operations, let’s call it L, that
transforms A as follows:
(I_| 0\

4 Operations L \0 ‘ 0/ ’

2. We use Property 142 which guarantees us that

rango(A) = rango IOT 8 .

3. Finally, we apply Property 140 to perform the calculation:

I. 0\
rango(A) = rango w =r.

Row rank and other basic properties

We will now consider a question that remained implicitly pending when in Definition 138 we established
that the rank of a matrix A is the size of the largest independent set of columns of it. The question is
whether we could have defined the rank by taking the largest possible set of independent rows instead of
working with columns.

Closely related to the above is this other question. If we take the rows of A and put them in column form
we obtain the transpose matrix A’. To calculate the rank of A we will take into account its columns which
are actually the rows of A. We can then ask what relationship exists between rango(A) and rango(A?").

The following property uses the results of this section to solve these problems.

Theorem 150. Given a matrix A € M., xn it holds that:

i) rango(A) = rango(A?).

it) The rank of A is the size of the largest independent set formed by row tuples of the matriz A.
Proof. We begin proving i). If rango(A) = r we will be able to find a set of elementary operations, which
we will call L, such that

A (I | OY
Operations L \0 ‘ 0}

If in the set of elementary operations L all the operations by rows are changed to operations by columns and
vice versa, we will obtain another different set of operations that we can call Lt. Then it is evident that

t
P Loy ' _fn oy
Operations L* \O ‘ ijxn 0 0 nxm
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Consequently,

I,

0 0 = r = rango(A).

nxm

rango(A') = rango

Once we have proven i), proving i) is easy since calculating the size of the largest independent set of rows
of A is the same as calculating the size of the largest set of independent columns of A* which by definition
is rango(A?). But rango(A?) = rango(A) and therefore the size of the largest independent set of rows of A
will be rango(A). O

An immediate consequence of the last theorem is the fact that the rank of a matrix will be less than or
equal to both the number of columns and the number of rows of the matrix. This is reflected more precisely
in the following corollary.

Corolario 1. Given A € M, xn it holds that

rango(A) <m and rango(A) < n.

Proof. The matrix A has m rows and n columns. By definition, the rank is the size of the largest subset of
columns of A that are independent and since in A we have only n columns, the rank will be at most n. In
Theorem 150 we have demonstrated that the rank is also the size of the largest independent set of rows
and for that reason again it must be less than the number of rows of the matrix, m. O

We finish by seeing some simple properties of the rank that can simplify some calculations.

Propiedades 2.

i) rango %‘% = rango % = rango(A4|0) = rango(A).
A B
0

7] = rango(A) + s.

i) rango

iii) If Ay is a submatriz of A then rango(A;) < rango(A).

Examples 151.

1) Let B = <(1) _21 g i) then it is evident that rango(B) < 2 and also, if we consider the submatrix

1 2 1 0
O OO Rt O
0 -1 F1=F1+2F2 0 1

-F2

and therefore rango(A) = 2 so that, since A is a submatrix of B,

2 = rango(A) < rango(B) < 2 = rango(B) = 2.

1 2 -1 1 2 -1 1 0 O

2) rango [0 —1 2 | = (F3=F3-F1) =rango [0 -1 2 | = (02202'201) =10 -1 2| =
10 2 0 -2 3 C3=C3+Cl 0| -2 3
-1 2

1 + rango (2 3) =3.
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Calculations with dependence, independence, linear combinations using the rank

By definition, the rank of a matrix is the largest number of independent columns that we can take in it. It

is evident then that if the tuples vy, v, ..., v, are independent, the largest set of independent columns of
the matrix (vq|ve| - - |vm) will be formed by all those m tuples and consequently we will have
rango(vy|vg| - - - |vy,) = m.

In this way, to analyze the dependence or independence of several tuples we can put them in columns
and study the rank of the matrix thus obtained. The following property highlights how, following this same
idea, we can analyze questions related to dependence, independence and linear combinations through the
calculation of ranks.

Property 152. Consider the n-tuples vi,vs, ...,V and w:

i) v1,V2,. .., Uy are independent < rango(vy|va| - - [vm) = m.

it) w € (V1,Va, ..., V) < rango(vy|va| -+ - [Uy) = rango(vy|ve| - - - |[vm|w).

Suppose we have several tuples vy, vs, ..., v, and we are working with the set of their linear combinations,
(v1,v2,...,Um). We know that if the set {v1,ve,..., v} is dependent then some tuples can be obtained as
a linear combination of the others and will be superfluous (see Property 125 on page 140). On the other
hand, if they are independent none of them can be eliminated. In the case they are dependent it will be of
interest to determine how many and which ones can be eliminated.

If we take into account the definition of rank, Property 152 also solves the important problem of
detecting the superfluous tuples. Indeed, suppose that

rango(vy|va| - -+ |Up) =T < m.

Then, we will be able to find r independent columns within A and, furthermore, no set with more than r
columns can be independent. Therefore, it is not difficult to demonstrate that it is enough to find r of those
tuples that are independent and we can eliminate all the others.

Examples 153.
1) Check if the tuples v; = (2,1,3,-1,2), vy = (4,2,6,-2,4), vz = (=2, —1,0,—5,1), v4 = (2,1,2,1,1) and
vs = (2,1,5,—5,4) are independent.

We will solve the exercise by applying Property 152. To do this, we will begin by calculating the rank
of the matrix obtained by putting the tuples in question into columns,

2 4 -2 2 2

1 2 -1 1 1
rango(vy |vg|vglvglvs) =tango | 3 6 0 2 5 | =2

-1 -2 -5 1 -5

2 4 1 1 4

According to part i) of Property 152), p tuples are independent if placed in column they give rank p.
However here we have 5 tuples and placed in column they do not give rank 5 but 2. Therefore they are not
independent.

2) The tuples from the previous section can be combined to obtain others. Are the five given tuples necessary
to obtain all those combinations or, on the contrary, are there superfluous tuples? Let’s find a set as small
as possible that allows us to obtain all the linear combinations that the initial five tuples provide.
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In the previous section we see that, placed in column, the tuples offer rank equal to 2. This indicates to
us that the largest independent set will have two tuples. To find that independent set it will be enough to
find two tuples independent among the five that we were given at the beginning.

If we take the first two columns we have

2 4

1 2
rango(vy|vg) =rango | 3 6 | =1

-1 -2

2 4

and therefore they are not independent (two columns independent would give rank 2) so we can discard this
choice. Let’s take instead the first and third columns. In this case,

2 =2

1 -1
rango(vi|vs) =rango| 3 0 | =2

-1 -5

2 1

and these two columns are independent. The comments we made after Property 152 indicate to us that
we can keep those two 5-tuples and eliminate the others. That is,

<'U1, 742; vs, 7J4a ¢5> = <(27 ]-7 37 _]-v 2)7 (_27 _]-7 Oa _57 1)>
Therefore, with respect to obtaining linear combinations, if we keep the first and third, all the other tuples
are superfluous.

However, instead of trying with the first and third tuples, we could also have chosen, for example, the
fourth and the fifth. In that case, placing them in column and calculating their rank we have that

2 2

1 1
rango(vy|vs) =rango [2 5 | =2.

1 -1

1 4

Therefore, (2,1,2,1,1) and (2,1,5,—5,4) are independent and we can reason as before to conclude that if
we keep these two tuples we can eliminate all the others and still obtain the same linear combinations.

In this way, we have two answers for the same exercise. Combining the tuples
(2,1,3,-1,2) and (-2,—1,0,-5,1)
we obtain the same combinations as with the five initial tuples and, at the same time, combining
(2,1,2,1,1) and (2,1,5,-5,4)

we also obtain all those combinations. Both pairs of tuples represent correct answers to the problem of
selecting the simplest set that provides the same combinations as the initial tuples.

3) Check if wy = (1,2,3,2,1) and we = (0,0, 3,—6,3) can be obtained as a linear combination of the tuples
v1, Ve, U3, U4, U5 from section 1).

Let’s start with wy = (1,2,3,2,1). Applying part ii) of Property 152 we know that
wy € (v1, Vg, U3, V4, Us) < rango(vy|ve|vz|va|vs) = rango(vy [ve|vs|vg|vs|wy)
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Therefore, we must check that the rank of the matrix formed by the five initial tuples is equal to that of the
matrix obtained by adding the column w;. That is, we must check if the equality is true

2 4 -2 2 2 2 4 -2 2 2 1
1 2 -1 1 1 1 2 -1 1 1 2
jrango| 3 6 0 2 5 | =rango| 3 6 0 2 5 3|7
-1 -2 -5 1 =5 -1 -2 -5 1 -5 2
2 4 1 1 4 2 4 1 1 4 1
=2 (section 1)) =3

But in section 1) we saw that the first of the matrices has rank 2 and it is easy to calculate the rank of the
second which will be equal to 3. Therefore, the equality of ranks does not occur and as a consequence w; ¢
(v1,v2,v3, V4, v5), that is the tuple (1,2,3,2,1) cannot be obtained in any way by combining vy, ve, vs, vy, Us.

We could have simplified these calculations if we had used the results from section 2) since then we saw
that
(v1,v2,v3,v4,05) = (V1,V3).
In this way, checking if wy € (v1,v9,v3,v4,v5) is equivalent to checking that wy € (vy,v3) for which we will
have to calculate the rank of matrices of smaller size.

Let’s use this last technique for the case of the tuple wy = (0,0,3,—6,3). To determine if wy can
be obtained by combining vy, va,v3,v4, vs, since (vy,va, v3,v4,v5) = (v1,v3), it will be enough to study if
wa € (v1,v3). Now, part i) of Property 152 will tell us that

ws € (v1,v3) < rango(vi |vz) = rango(vi|vs|w2).

If we calculate the ranks of (v1|vs) and (v|vs|ws) we have

2 =2 2 -2 0
1 -1 1 -1 0
rango | 3 0 | =rango| 3 0 3
-1 -5 -1 -5 -6
2 1 2 1 3
=2 (section 1)) =2

Since the ranks coincide, we deduce that indeed wy € (v, v3) = (v2,v2,v3, V4, v5) and in this case the tuple
we = (0,0,3,—6,3) can be obtained as a linear combination of vy, va, v3, v4, vs.

Column labeling

In the previous examples we have applied Property 152 to determine which are the superfluous tuples of a
given set. Although this technique for finding the tuples independent and superfluous is correct, we will see
next that the scheme of elementary operations from page 157 that makes it possible to calculate the rank of
a matrix also allows us to detect the independent tuples. To do this it is enough to label each column with
an indicator of the tuple to which it corresponds. After applying the scheme of elementary operations, the
tuples whose labels appear over the ones on the diagonal of the reduced form will be directly independent.

Example 154. Consider the tuples v; = (1,2,0,—1), vo = (2,4,0,—2), v3 = (2,1,1,0) and vg = (4,5,1, —2).
To see how many and which of them are independent, we will put them in columns and calculate the rank
of the resulting matrix. However, we will also label each column with the name we have given to each tuple:

U1 V2 Vs U4 U1 V2 Vs U4 U1 U2 Vs U4
1 2 4 1 2 2 2 1 2 0 2
2 4 1 5 s 2 4 1 4 _ 2 4 0 4
0 0 1 ca=ccs 0 0 1 0 F1=F1-2F3 0 0 1 0

-1 -2 0 -2 -1 -2 0 -2 F2=F2-F3 -1 -2 0 -2

163



@
S
N\
S
C
<
W~
S
b
S
N\
<
e
@
&
S
bt
S
<
N
~
&

1 2 0 2 1 0 00 10 00

_ 0 00 O _ 0 00 O _ 01 00
F2=F2-2F1 001 0 C2=C2-2C1 00 1 0 C24 C3 00 0 O
F4=F44F1 00 0 O C4=C4-2C1 00 0 O F2¢ F3 00 0 O

Note that if we modify the order of the columns we must modify in the same way the order of the labels.
Once we have brought the matrix to its reduced form, it is easy to see that the rank is 2 and therefore we
will have at most two tuples independent. But also, the labels that appear over the resulting two ones on
the diagonal correspond to the tuples v; and v3 therefore, these two tuples form an independent set that
generates the same combinations as the initial four. That is,

<’U17/03> = <U17 ’U27’U37U4>‘

In this way, we can discard the tuples vy and vy4.

Obtaining all possible tuples

Given a certain set of n-tuples, v1,vs,..., v, in some occasions it is important to determine if they are
sufficient to generate via combinations any other m-tuple or if, on the contrary, there are n-tuples that
cannot be obtained by combining them.

The set of all n-tuples is R™, so the question we are posing here is whether with certain tuples v1,vo, ..., vm
we can obtain all of R™, that is, whether

(v1,v2, ..., 0y = R".
The following property collects results that allow us to address different aspects of this problem.

Property 155.

i) Given the n-tuples vi,va, ..., Vm,
(1,02, ..., Uy) = R" & rango(vy|vg] - - - [uy,) = n.
it) The n-tuple coordinates of R™, ey, eq, ..., e, satisfy
(e1,€2,...,e,) =R".
i11) Given the n-tuples vy, va, ..., Up,
(v1,v9,...,0n) = R" & {v1,v9,...,0,} is independent.

iv) More than n, n-tuples cannot be independent.

v) With fewer than n, n-tuples it is not possible to obtain all of R™ (i.e., all n-tuples).

Examples 156.
1) Given the 4-tuples,
(1,2,-1,1), (2,1,0,-1), (0,0,1,—1) and (1,2,0,1),
we ask whether by combining them it is possible to obtain any other 4-tuple we desire.

The set of all 4-tuples is R* so we are asking if by combining the given tuples it is possible to obtain all
of R*. Applying part i) of Property 155 we know that

((1,2,-1,1),(2,1,0,-1),(0,0,1,-1),(1,2,0,1)) = R*

164



will hold if, placed in columns, said tuples give rank 4. We have that

1 2 0 1
10 2| _,
rango _1 0 1 0 =
1 -1 -1 1

so indeed any tuple of R* can be obtained by combining those four. As a consequence of part iii) of Property
155 or of i) of Property 152, we additionally deduce that the four tuples are independent.

2) Let’s study the same problem now referring to the tuples (1,2,3), (2,1,3), (—1,2,1) and (2,3,5). We
then ask if by combining them it is possible to obtain any 3-tuple, that is, if

((1,2,3),(2,1,3),(~1,2,1),(2,3,5)) = R>. (4.4)

Without needing to perform any calculation, beforehand, applying part iv) of Property 155 we know that
the four tuples are dependent since more than 3 3-tuples are never independent. To check (4.4), as before,
with the tuples placed in columns, their rank should be 3. Now,

1

rango =2<3

W N =
[SCRE )

2
1

ot W N

so there are tuples of R3 that cannot be obtained by combining those in this example. For example the tuple
(1,0,0) is not a linear combination of them. To check this, we have that

1
rango = 3 # 2 = rango

1

w N =

2 -1 2
1 2 3
3 1 5

OO =

12 2
2 1 2 3
3 3 5
¢

It is enough to apply part ii) of Property 152 to deduce that (1,0,0) ¢ ((1,2,3),(2,1,3),(-1,2,1),(2,3,5)).

4.3.3 Rank and Inverse Matrix. Calculation of the inverse matrix via elemen-
tary operations

When we defined the inverse of a matrix in Section 4.2.4, we presented a technique for the calculation of
inverses (see sections 4) and 5) of Examples 118) that was valid for the cases of matrices of reduced order.
We will use the calculation via elementary operations to offer in this section a new more effective method
for handling inverse matrices.

In this section we will study the relationships between the concepts of rank and inverse matrix in the
case of square matrices. We will verify that both can be defined one in terms of the other. To begin, we will
see in the next property that the fact that a matrix has an inverse, that it is regular, determines its rank
directly.

Property 157. Let A € M,, be a square matriz of order n. Then,

JA™! & rango(A) = n.
Let’s make some comments about this last property:

e From the previous property it follows that if a matrix has an inverse, its column tuples must be
independent (recall that n n-tuples with rank n are independent). In other words, an equivalent
statement for the property would be:

JA™! & the columns of A are independent.
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On the other hand, if A has an inverse, its transpose matrix, A%, will also have one, and we can equally
deduce that the columns of A* are independent. Now, the columns of A’ are the rows of A. Therefore,
this equivalent statement can also be written in terms of rows.

e As a consequence of Corollary 1, a square matrix A € M,, of order n (with n rows and n columns)
will have rank at most n. Then, n is the maximum value that the rank of A can take and, consequently,
it is said that A has maximum rank when rango(A) = n. Using this nomenclature, Property 157 can
be rewritten as

JA™! & A has maximum rank.

Calculation of the inverse matrix via elementary operations

Let’s take a square matrix of order n, A € M,,. If the matrix has rank n then after applying the appropriate
elementary operations to it we will arrive at a matrix, of the same size as A, that has all zeros except n ones
on the diagonal, that is, we arrive at the identity matrix I,

I,.

elementary operations

Let’s form the matrix (A|l,) which is obtained by appending the identity matrix to the matrix A. If the
elementary operations from before are all by rows and we apply them to (A|I,,), they will transform both the
first block (the one corresponding to A) and the second (the one corresponding to I,,). We know that those
operations transform A into I,,, A — I, and now in addition they will transform I,, into another matrix B,
I,, — B. We will therefore have

(AlL) (L1B).

elementary operations

It can be checked that the matrix B that appears in this way stores the elementary operations that we have
applied to A in the sense that when multiplying A by said matrix B we achieve the same effect as when
applying the elementary operations to A. That is

I, and therefore A-B=1,
—_———

the product by B transforms A into I,

elementary operations

the el. op. transform A into I,

But this last equality indicates to us that the matrix B is precisely the inverse matrix of A and therefore
A"l =B.

The ideas we have outlined in the previous paragraph allow us to determine if a matrix has an inverse
and calculate it in that case. In summary, we have the following property:

Property 158. Suppose that the matriz A € M,, has an inverse and that L is a list of elementary operations
by rows that transforms A into I, then if we apply the operations of L to the block matriz (A|l,) we will
obtain
(Alln) ———— (In|B),
Operations L

where B is the inverse of A.

In this way, from Property 158 it follows that to calculate the inverse of the matrix A € M,,, we must
reduce A to I, but now applying elementary operations only by rows. For the calculation of the rank we can
apply operations both by rows and by columns but now, to obtain the inverse, we have to limit ourselves
only to operations by rows. However, this is still possible by applying the Gaussian elimination method that
we saw on page 157. We will only have to take into account the following points whose objective is to avoid
in all steps the performance of operations by columns:

a) Since we can only apply operations by rows, in step 1 we will only select columns since to cancel the
elements of a column the operations to perform are by rows.
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b) In step 2, we must take the precaution of selecting an element that is not at the height of the pivots
selected in previous steps.

¢) We will omit step 4 since it involves performing operations by columns.

d) Once steps 1 to 5 have been applied for all the columns, it will be sufficient to divide the rows in order
to transform all the non-zero elements into ones. Finally we will order the rows to obtain the identity.

The procedure from page 157 together with these points allow us to obtain for any regular matrix, A, a list
of operations by rows that transform A into I,,. Then, we will use these operations to calculate the inverse
as indicated by Property 158.

Examples 159.
1) Calculate the inverse of the matrix

— N = =
o |
—

N~ N O

W O = =

To do this, we form the matrix (A | I4) and we will apply elementary operations by rows to it until we
transform it into (I | B).

We will use the matrix reduction method taking into account the points commented before. We start by
selecting the third column and its third element as pivot:

1 2 01 10 00 1 2 01 1.0 0 O
I -1 21 0 1 0 -3 -1 01 01 -2 0
2 0 10 0 010 Fo—F2.9F3 2 0 1 0 00 1 O
1 -1 2 3 0 0 01 FA—F49F3 -3 -1 0 3 00 -2 1

As we have said we cannot perform operations by columns and for that reason we cannot cancel the row
perpendicular at the height of the pivot. Therefore, we select a new column and a new pivot that, as already
mentioned before, should not be at the height of the other chosen pivots (so far only the 1 from the previous
step). Let’s now select the fourth column and take the second element as pivot

1 2 0110 0 0 4 3 00 |1 -1 2 0
3 -1 01|01 -20 3 -1 01 |0 1 -20
2 0 10|00 1 0o . —"|l2 0o TIo|oo0 1 0
-3 -1 03|00 -21) 00 \6 2 00| 0 -3 4 1

We continue selecting the second column and taking as pivot the fourth element to avoid it being at the
height of the two previous ones. Before canceling the other elements, to simplify the calculations, we convert
the pivot to 1 by dividing the fourth row by 2:

4 3 001 -1 2 0 -5 0 0 0 15—4*?3
3 ro0oI o 1 -20 0001 |0 F 0 3
w2 0T 0|0 0 1 0] e |2 0T0]0 0 1 0

3.1 000 F 2 3) e \3 1000 F 2 3

We finish by selecting the first column and as pivot, if we intend it not to be at the height of those selected
so far, we can only choose the first one. Given that the value of the pivot is —5 we first divide the first row
to transform it into 1:

Too0o0 |2 5 48 Too00 | 2 w4
00010 5 05|  f0o00TI} 0 5 0 3

y i - 2 3 3
—tpr (2 0 10 0 _03 1 (1) F3=F3-2F1 0010 5§ 3 3
3100 0 = 2 3 F4=F4-3F1 0100 5 5 5 5
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To finish it is enough to reorder

=
-

-1 = 4 3
1 0 00 3 7 5 1
0 1 00 H % 2 =2
reordering 0 0 1 0 5 5 %3 ?3
0 0 01 0 3 0 3
from which we obtain,
=1 - 4 3
i Y % B
il I S
5 5 5
0 % 0 %
0 0 2
2) Consider A= |1 0 1 | and let’s see that it is a regular matrix:
0 1 -1
0 0 2 0 0 2 0 0 2
10 1] ——(1 0 — |1 0 0
0 1 —p) @=0ct \y | _j) @=c+c2 |\ 1
0 01 1 00
— 11 0 O . 0 1 0f=1Is.
3F1 010 ordering columns 00 1

Therefore rango(A) = 3 and consequently the matrix A is regular. We can now calculate its inverse by

applying elementary operations to the rows of the matrix ( A | I3 )
00 2 100 00 1 100
(A | Izs)=|1 0 1 01 0f—(10 1 0 1 0
01 -1]00 1/ \o1 -11]0 01
00 1 i 00 0 0 1 100
—— 10 0 | =3 1 0 ——= (1 00 | -3 10
F2=F2-F1 0 1 -1 0 0 1 F3=F3+F1 01 0 % 0 1
1 00| -3 10
——— |0 1 0 % 0 1]=(13 | B)
reordermg TOws 0 O 1 § O 0
Therefore:
-3 10
Al =B= % 0 1
3 00

3) Applying elementary transformations to A = (} 1) we achieve:

1 1 1 1 1 0
1 1) ro=rF2r1 \O0 0/ c2=c2-c1 \O 0/

Therefore rango(A) = 1 < 2 and consequently A is a singular matrix that does not have an inverse.

4) Calculate the matriz C that satisfies the following equality:

(43) =)
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The simplest way to calculate C' is to solve for the matrix (_11 ?))

1 2 1 2 1 0
—1 3) rF2=rF24F1 \O0 5/ c2=c2-2c1 \0 5
1 0
— =1I.
w2Q J ’

Through the chain of operations above we obtain I so the matrix in question has rank 2 and is indeed

regular so we can solve for it:
-1
1 2 1
=(43) )

We now calculate the inverse of the matrix:

1 2 1 0 1 2
-1 3 0 1) re=r24F1 \O0 5

1 0
Fi=F1-2F2 \0 1

<i 94‘;'
- )0 ()-()

To finish this section, we will give an alternative definition of rank based on the concept of inverse. Given
A € M,, we have seen that

). To do this, first we must check if

it is regular:

ul= O
N———

U= =

(SN

e |
SIS

\—/

so finally

and therefore:

rango(A) =n < 3471

However, if rango(A) < n or A is not square, this characterization does not make sense. For an arbitrary
matrix, not necessarily square, A € M,,«xn, is it possible to characterize the fact that the rank reaches a
specific value, rango(A) = r, in a similar way?

The following property answers this question. We will see that if rango(A) = r we probably will not be
able to calculate the inverse of A but there will exist within A a square submatrix of order r that will have
an inverse. We handle here the concept of minor that we define next:

Definition 160. Given A € M,,x,, we call a minor of order r of the matrix A any square submatrix of
order r of A.

2 1 3 6
Example 161. Let A= | -1 2 2 4| we have that:
0 0 1 2
2 1 3
* [ =1 2 2| is a square submatrix of order 3 of A and therefore it is a minor of order 3 of the matrix A.
0 0 1

* (? 3) is a square submatrix of order 2 of A and for that reason it is a minor of order 2 of A.

2 . . .
* (0 i’) is a square submatrix of order 2 of A and as a consequence a minor of order 2.
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* (2), (0) or (4) are square submatrices of order 1, that is, minors of order 1.

Let’s now see the announced property. Note that the characterization we give in it is, in its statement,
similar to the definition we gave for the rank in Definition 138 (pag. 152).

Property 162. Given A € M, xn,

rango(A) = r < the order of the largest reqular minor of A is r.

In other words, if a matrix has rank r, necessarily we will be able to find within it a square submatrix, a
minor, of size r with inverse and furthermore it is not possible to find larger submatrices with inverse.

Aqui estd la traduccién al inglés del fragmento sobre determinantes, cumpliendo estrictamente con todas
las indicaciones.

4.4 Determinant of a Matrix

We have seen how to find out if a square matrix is regular or not. We will study in this section alternative
mechanisms to determine regularity as well as for the calculation of the inverse.

The tool we will use for this purpose is the determinant. The determinant is a real number that, in a
certain sense, measures the degree to which a set of n n-tuples are independent. If the determinant is zero
the n-tuples will be dependent and if it is different from zero they will be independent but in such a way
that the closer the determinant is to zero the more close, in a certain sense, to being dependent the n-tuples
will be.

For the definition of the determinant we will follow a constructive method based on the formulas for the
expansion of the determinant by a row or column.

Definition 163. Given A € M,, we define the determinant of A and denote it by det(A) or |A|, as the
number that satisfies:

o If A= (a)i1x1 € My, then |4| =|(a)| = a.
o If A= (aij)nxn € M, with n > 1, then |A| is defined in either of the following two ways:

a) Forany i=1,...,n:
Al = ain A+ aig - Dig+ -+ ain - Ay,
Ai
AV
= (an an ... aw)-| .
row i of A A
m

The above formula is known as the expansion of the determinant of the matrix A along the i-th
row.

b) For any j =1,...,n:

Al = ayj- Ay +ag-Agj+ -+ anj - Ay
a1y
a2j
= (Alj Agj An]) . .
Anj
N—_——

column j of A

This formula is called the expansion of the determinant of the matrix A along the j-th column.
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Where A;; is called the (4, j) cofactor of the matrix and is defined by the formula
Ay = (=1)" - |Ag 5],
where A(; ;) is the submatrix of A obtained by deleting the i-th row and the j-th column.

Remark. Although the symbol we use for the determinant of a matrix, |-|, is the same as for the absolute
value of a real number, they are totally different concepts and have no relation.

Examples 164.
1) To calculate the determinant of the matrix (3);x1 we will refer to the first point of the definition of
determinant since this matrix is a 1 x 1 type matrix. Then we have:

(3)] = 3.

[(=5)] = =5 (remember that [(—5)| is the determinant of the matrix (—5);x; and not the absolute value of
the number —5).

2) Determinant of the square matrixz of order 2.

Consider A = (ZH le € M and let’s try to calculate its determinant. Since it is not a 1 x 1 matrix
21 G422

we cannot apply the first point of the definition of determinant and we must refer to the second. For this
we have to:

* A(1,1) is the submatrix of A that we obtain by deleting row 1 and column 1:
A(1,1) = (a22).

* A(19) is the submatrix of A that we obtain by deleting row 1 and column 2:
A(172) = (a21).

* A(21) is the submatrix of A that we obtain by deleting row 2 and column 1:
A(2,1) = (a12)-

* A(g,2) is the submatrix of A that we obtain by deleting row 2 and column 2:
A(2,2) = (a1).

From the above we calculate the cofactors of the matrix:

A = (D" Aq ] = (12 |(a)| = ass,
Ap = (D)2 |Aq gl = (=1)% - |(a21)| = —aa1,
Ay = (1) [Agpl = (=1)% - |(a12)| = —aua,
Ay = (=1)*"2-|Apg)) = (1) |(an)| = anr

For the calculation of the determinant we now have four possibilities:

1. Do the expansion of the determinant along the first row.
2. Do the expansion of the determinant along the second row.

3. Do the expansion of the determinant along the first column.
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4. Do the expansion of the determinant along the second column.

We will calculate following two of the previous possibilities:

(o o2)) -
a1 ax)|
(row 1) = a1 A +a12- Az = a1 - a2 + a2 - (—ag1)
= a11-G22 — Q12 - A21.
(column 2) = a12- A1z + a2 - Agp = a2 - (—ag1) + az - an

= aii-agz —aiz-azx.

Regardless of the method followed (expansion along the first row or along the second column) we have
obtained the same value for the determinant. It can be checked as an exercise that if we expand along the
second row or along the first column the result will also be the same. In summary we have obtained the
following formula for the determinant of a 2 x 2 matrix:

a2 = a11 a2 — a2 - a1
a21 a22

Schematically, we can represent this formula as follows

ail a12 (@11) a12 a1 (@12

az1 a22 asi @ @ a2z

where the elements that appear joined by a segment must be multiplied.

3) Determinant of a square matriz of order 3.

Given the matrix

ail a2 ais
A= |aa a2 a3
az1 asz ass

we will calculate its determinant by expanding along the first column. We will then have:
|A| = a11 - A1 + az1 - Az +azp - Asp.

We next calculate the necessary cofactors in the above formula:

a a
Ay = (_1)1+1|A(1,1)| = < 22 23) = Qg2 * 33 — A23 * (32,
asz2 Aass
a a
Ay = (*1)2+1|A(2,1)| = - ( 2 13) ‘ =-a12 - az3 + asz - a3,
azz Q33
a a
Az = (—1)3+1|A(3,1)| = ( 12 13) = Q12 - G23 — A22 " A13.
a2 A23
We then have:
\A| = am- (Cl22 +a33 — a23 Cl32) + a1 - (a32 *a13 — @12 -a33)

+azy - (a12 - asz — ag - a13).
= Q11 G22-a33+ a21 - a32 - a13+ asy - aiz - a3

—(az1 - agz - @13 + a11 - ag3 - az2 + a2 - A12 - A33).
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The above formula for the determinant of a 3 x 3 matrix is called Sarrus’ rule and can be schematized in the
following diagram:

4) Next we calculate some determinants of 2 x 2 matrices using the formula obtained in example 3:

« (_11 g)':1.0—2-(—1)=2.

1 1
* <1 1)‘—1-1—1-1—0.

1 6
* <3 9)‘—1-9—6{’)——9.

5) We now use Sarrus’ formula to calculate the determinant of 3 x 3 matrices:

1 6 0
x[|—-1 2 0}]|=
1 01
= 1-2-14(-1)-0-0+46-0-1—(0:-2-14+0-0-14+(-1)-6-1)
4 2 6
[0 3 —-1]|=
00 5
= 4-3-540-0:6+2-(-1)-0—-(0-3-6+0-(—=1)-4+0-2-5)
4-3-5=060.

6) We will now calculate the determinant of a 3 x 3 matrix by expanding along the second row instead of
using Sarrus’ formula:

1 2 -1
0o 1 -1]|=
0 -1 0
= 0-Ag+1-Agpp+(—1) Ay

— 1. (—1)%? ((1) —01> ‘ 4 (=1) - (=1)%*3
(1-0—(=1)-0)+(1-(=1)—0-2) = —1.

6 4)

7) We next solve the determinant of a 4 x 4 matrix. To do this we have only to apply the expansion formulas
by rows or by columns. In general the most suitable row or column to expand along will be the one that
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has a greater number of zeros since then the amount of calculations to be performed will be reduced. In this
case we will do an expansion along the third column:

1 2 0 1
0 -1 1 0
0 3 0 2 =0-A3+1-Ag3+0-Az3—Ays
1 1 -1 0
121 1 2 1
= (=T l0 3 2||-(=D*3[l0 -1 0
110 0 3 2
= —(0+04+4-0-3-2)+(—2+04+0-0-0-0)
=1-2=-1

8) In the following example we solve a determinant of type 4 x 4 by an expansion along the second row:

1 2 -1 1
2 0 1 1|
1 1 1 1 B
-1 1 2 2
= 2:-Ag +0-Agp +Agz+ Agy
2 -1 1 1 2 1 1 2 -1
= =21 1 1]|- 1 1 1|+ 1 1 1
1 2 2 -1 1 2 -1 1 2

= 2. (442-1-1-442)—(2+1-24+1-1-4)
4(2-1-2-1-1-4)=—4+3-7=-8.

In the previous examples it becomes clear that the determinant can take any real number as its value.
On the other hand, the rank will always be a natural number.

The following result collects fundamental properties of the determinant. Among them, those that high-
light the relationship of the determinant with the product and regularity of matrices are important.

Propiedades 3.

1. Given A= (aij)nxn € My a diagonal, lower triangular or upper triangular matriz, it holds that:
|A| = Q1G22 A33 " Gpp-
In particular |I,| = 1.
2. Given A € M,,, |A'| = |Al.
3. Given A,B € M,,, |A-B|=|A|-|B].
4. Giwen A € M, reqular, we have that |A| # 0 and also

1
A7 = o
4]

5. Given A € M, such that |A| # 0 it holds that A is regular.
6. Given a matriz B € M, xn,

rango(B) = r < The order of the largest minor of A with non-zero determinant is r.
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Proof. We will see the proof only of properties 1 and 4:

1. We will only see the case of upper triangular matrices. For the rest of the cases the proof is similar.

Let A € M,, be an upper triangular matrix of the form:

ai; a2 aiz - Qip
0 Q22 Q23 -+  Q2p
A — 0 O ass .. asn
0 0 - 0 am
Then we have:
Q22 Q23 Q24 -+ QA2p
Al = (expanding along) —ay - (—ntL || O e s as
column 1 0 0 ag - Qi
0 0 0 Ann
a3z as4 aszs -+ A3p
. 0 ag ag5 -+ aun
(expandlng along the) — ayq - G - (_1)1+1 ) 0 0 ass - asy
new column 1
0 0 - 0 am

_ (repeating the process

A =a - a ceee e .
successively ) 122 nn

4. If A is regular then its inverse matrix A~! will exist and will satisfy:
A-ATt =1,
Taking the determinant on both sides of this equality and applying property 3 we obtain:
A A = (L] = |A]- |47 =1

:>{ | Al # 0

A=Y = I%l\ (solving for |[A~1| in the previous equality)

O

Remark. Properties 4 and 5 are important since they indicate that we can use the determinant to check
whether a matrix is regular or not by simply checking whether the determinant is zero or not.

Examples 165.

1) Considering the matrix A = ( 1 2) we have:

-1 3

Al =1-3-2-(~1)=5#0.

Since the determinant of A is non-zero we know that it is a regular matrix and also without needing to know
its inverse, A~!, we know the value of its determinant:

11
Al == =2
AT A5
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_ . using o (M .a
2o -3 4= (property 1) =2.(-3)-6=—36.

[an}
e}
(=)

3) Part 6 of Property 3 provides an alternative technique for the calculation of the rank. We can determine
the rank of a matrix by applying elementary operations or through this last property.

2 1 3 6
We will calculate the rank of the matrix A= [ —1 2 2 4] using the two techniques we know:
0 0 1 2

i) The largest square submatrix of A will be of order at most 3 so the rank of the matrix will have a maximum
value of 3. To check if the rank is 3 we must find a submatrix 3 x 3 with non-zero determinant. But
this is easy since if we take the submatrix formed by the first three columns of A we have

2 1 3

-1 2 2]||=5#0,

0 0 1

so we have a minor of order 3 that is non-zero and the rank will be 3 since there cannot be larger
minors in the matrix A. So applying this definition we obtain:

rango(A) = 3.

ii) We will apply elementary operations to the matrix A until transforming it into a matrix with ones on

the diagonal:

2 1 3 0 2 1 00
—12 2 0] 2=, 11 2 0 0
C4=C4-2C3 01 0 F1=F1-3F3 0 01 0
5 0 0 0 5 0 0
S — 00 0 —— -1 0 0 O
C2=C2+42C1 01 0 F1=F142F2 0 01 0
19 01 00 1 0 0
~— 1100 0] —— |0 1 0 0].
-F2 00 1 0 ordering 00 1 0

We have obtained a matrix with three ones on the diagonal and zero in all other positions so finally:

rango(A) = 3.

1 2 -1 0
4)Let A= (0 1 3 1] and let’s calculate its rank using the two methods we know:
1 4 5 2

i) The largest square matrix that can be found within A is of type 3 x 3 so the largest possible rank for
A is 3. Let’s see if A has any non-zero minor of order 3 and for this let’s consider all possible square

submatrices of order 3 of A and obtain their determinant:

1 2 -1 1 20

01 3 =0 01 1}]|=0
1 4 5 1 4 2

1 -1 0 2 -1 0

0 3 1||=0 1 3 1]|=0
1 5 2 4 5 2
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The above are all possible 3 x 3 submatrices and all have zero determinant so the rank of the matrix
will not be 3. However, it will have rank 2 since it is easy to find submatrices of A with non-zero
determinant such as for example:
1 2
(¢ 9l

In this way the order of the largest minor with non-zero determinant is 2 and therefore the rank of the
matrix will be:

rango(A) = 2.
ii) Performing operations on A we have:

1 2 00 10 00
A——|0 1 3 1] —— [0 1 3 1
@3=03+C1 || 4 ¢ of C2=C2201 || 5 o o
1 0 00 1 0 00
— |01 3 0] —— |0 1 0 0
F3=F3-F1 | g o5 o ) @=03302 g o o

1 0 00

—— [0 1 0 O

F3=F3-2F2 |\ 0 o 0 0

Therefore
1 0 00
rango(A) =rango (0 1 0 0| =2
0 0 0 0

Propiedades 4 (Elementary operations for determinants). Given A = (a;j)nxn € M, we have that:

1. A number that multiplies an entire row or an entire column can be taken out of the determinant. That
is, Vi,j € {1,...,n}

all ... 7“ . al] DR al’” a11 DR a’l] DRI aln
a21 ... ’," . G’QJ DR a2n a21 e a2] DEEY a2n
= T - s
a/nl ... ’,“ . an] ... ann a/nl DR an] DY ann
ai1 a12 ce A1n a1l ai2 -+ Gln
reQip TG o T Qin = "] @1 Q2 - Qin
an1l an?2 cee Ann an1 Qp2 -+ Qpn

2. If we interchange one column (respectively row) with another column (resp. row) that is adjacent, the
determinant changes sign.

3. If to one column (respectively row) we add another column (resp. row) multiplied by a number, the
determinant does not change.

Examples 166.
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1. Applying property 1 we have:

1 2 0 1 2-1 0 1 1 0
* (|6 4 3]||=[|l6 22 3||=2-||l6 2 3
2 8 1 2 24 1 2 4 1
1 2 3 1 2 3 1 1 2 3
* 0 2 2)||=||l+0 22 1.4 =z]|0 2 4
2 -9 1 2 -9 1 2 -9 1
2. Applying property 2 repeatedly we have:
10 0 0 10 0 0
0 0 01 0 0 01
001 0] = @)=y 100
01 00 0010
1 0 0 0
00 10
= (C3+ C4) = 010 0
00 0 1
10 0 0
01 00
= (C2+ C3)=-— 00 1 0 =—|I,|=-1.
0 0 01

3. In the following case we will apply property 3 repeatedly to simplify the calculation of the determinant:

1 1 -3
-1 6 3 ||=
0 4 4
1 10
= (C3=C3+3C1)= |[-1 6 0
0 4 4
110
= (F2=F2+F1) = 07 0
0 4 4
110
— (C2=C2-C3) = 07 0
00 4
_ 1.7 4=28.

The last property together with the others we have seen for determinants allow us to solve some simple
determinants directly. Let’s see it in the following note:

Remark. It is important to keep in mind the following points:

e If A € M, has an entire column of zeros or an entire row of zeros then |A| = 0. This is evident since
if all the elements in the row or column are zero, expanding along that row or column we will obtain
zero as a result.

e If A € M, has two equal columns or two equal rows then |A| = 0. This is clear since in such
a case applying part 3 of Properties 4, we can subtract from the row or column the other one
that coincides with it, thus obtaining a row or column of zeros so the determinant will be zero.
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4 -3 5 4 -3 5
Example 167. -1 -1 0])|=(F3=F3-F1)=||-1 -1 0f|=0.
4 =3 5 0 0 O

e If some column (respectively row) can be obtained by adding the other columns (resp. rows) multiplied
by numbers, then |A| = 0. Indeed if a column is obtained by adding in a certain way the other columns
of the matrix, we can subtract appropriately from this column until we obtain a complete column of
zeros (we can make the same comment for rows). In other words, if the rows or columns of the matrix
are dependent then the determinant will be zero.

Example 168. In the matrix of the following determinant the third column can be obtained as the
sum of twice the first column plus three times the second, so:

1 1 5 1 1 3 1 10
~1 6 16||=(C3=03-2C1)=|[ -1 6 18||=(C3=C3-3C2)=|[[-1 6 0||=0
0 4 12 0 4 12 0 4 0

An alternative method for the calculation of the determinant of matrices of order higher than three
consists of applying elementary operations for determinants to the initial matrix in order to simplify it and
be able to obtain the determinant with a smaller number of calculations. In practice, for the simplification
of a determinant one can, with the necessary precautions, use the procedure for reduction of matrices seen
in Section 4.3.2 with the exception that in the case of determinants we must take into account the following
points:

e The multiplication of a row or column by a non-zero number will cause the value of the determinant
to change but in its place one can apply part 1 of Properties 4.

e The modification of the order of the rows or columns implies a change of sign of the determinant as
indicated in part 2 of Properties 4.

e Once a row or column has been canceled using a pivot, we will expand the determinant along that row
or column to obtain a determinant of smaller size.

Let’s see some examples of this method next:

Examples 169.

1)
1 -1 2 3
3 -1 0 2|
1 1 4 6|
0 -1 1 0
1 1 2 3
3 -1 0 2
= (C2=C2+C3) = 1 5 4 6
0 0 1 0
1 1 3
= (expanding along) — (—1)*3. || 3 —1 2
row 4 1 5 6

= —((~6+45+2) — (=3 +10+18)) = —16.
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2)

-1 2 -1 2 1
2 3 1 4 1
2 1 1 4 3| =
6 2 1 -1 9
1 -2 3 6 4
-1 2 -1 2 1
F2=F2+F1 1 5 0 6 2
— F3=F3+F1 | — 1 3 0 6 4
F5=F5+3F1 9 4 0 12 7
1 5 6 2
. 1 3 6 4
— expanding along) = (=1).(=1)'"3.
( column 3 - (=) 5 4 1 10
-2 4 12 7
1 5 6 2
0o -2 0 2
= (F2=F2-F1) = — 5 4 1 10
-2 4 12 7
1 7 6 2
0 0 0 2
= (C2=C2+C4) = — 5 14 1 10
-2 11 12 7
1 7 6
= (expanding along> :72,(71)%4, 5 14 1
row 2 —2 11 12

= —2-((168 + 330 — 14) — (—168 + 11 4 420)) = —2- 221 = —442.

4.4.1 Calculation of the inverse via determinants

In this section we will study an alternative method for the calculation of the inverse of a matrix based on
the concept of determinant.

Definition 170. Given A € M,,, we call the adjugate matrix of A and denote it by Adj(A), the matrix:

Adj(A) = (Aij)nxn € M.

The adjugate matrix of A is, therefore, the matrix formed by all the cofactors of A arranged in order.

Property 171 (Calculation of the inverse via determinants). Let A € M,, such that det(A) # 0, then A is
a reqular matriz and also:

A Adj(A)).

1
:W(

Examples 172.
1 -2
1) Let A= (4 5 ), then
|[A|=5+8=13 #£0,
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so A is a regular matrix and we can calculate its inverse for which we will first obtain the cofactors of the
matrix
) |(4){

142
)*2(1)

Ap = (=D'"*H(B)[ =5, A=
Aoy = (—1)*TH(=2)| =2, Qg = (

and then the adjugate matrix will be:
. All Alg 5 —4
i(4) <A21 AD 2 1

1 e L5 —a\" 1 (5 2
=56 1) =55 )

-1 —4,
~1 1

Finally the inverse is:

AT =

2) Let M = (ZH Zl2> be a generic 2 x 2 matrix. Then we know that:
21 (22

L4 \M| = Q11 G22 —A12 * G21.

. A = ag Ajp = —an
Aoy = —a12 Ag =an

Therefore the adjugate matrix of M will be

adion) = (2 0)

—a12 ail

and then the inverse matrix is

1 1 a —an\'
M l=_" AdG(M) = ) 22 21
|M‘ J( ) ai1 - 22 — A12 * 21 <_a12 ail

so we finally obtain the following formula for the inverse of a 2 x 2 matrix:

—1 1
air a2 _ o Q22 —a12
a1 a2 a1l - G2 — Q12 - 421 —az1 ai1

1 6 O
3)Let A= -1 2 1 | then its determinant is
0 1 -1

A =—-2-1-6=-9

and also its cofactors are

2 1 -1 1 -1 2
Ap = (1 1)’2—37 A = — (0 1)’2—17 Az = < 1) = -1,

0
6 0 1 0 1 6
I e e
1

6 0 1 O 6
Az = <2 1)’:67 Az = — (_1 1)’2—1, Agzz = (_1 2) =8

so its adjugate matrix will be:

-3 -1 -1
Adj(A)=[6 -1 -1
6 -1 8



and A~! will be calculated as:

.Adj(A)f:ig. -1 -1 -1

Aqui estd la traduccién al inglés del fragmento final del capitulo de matrices, cumpliendo estrictamente
con todas las indicaciones.

“latex

4.5 Additional Material

4.5.1 Rows and columns of proportions

‘ Extension of concepts about product of a number by a matrix. Page 126

We have seen that when several data ai, as,. .., a, intervene in a certain phenomenon, we can represent
this information by an element of R™ in the form,

(a1,a9,...,a,).

It is frequent that it is of interest to determine what percentage each quantity represents with respect to the
total. This can be done using percentages or fractions (rates per one):

e The calculation of percentages for each quantity of (aj,as,...,a,) is performed in the following way:
. 100
— Percentage of a; with respect to the total= a1%.
ar+az+---+an
. 100
— Percentage of as with respect to the total= a%.
ar+az+---+an

100

— Percentage of a,, with respect to the total= an%.
ar+az+---+an
e The calculation of fractions (rates per one) for each quantity of (a1, as,...,a,) is performed as follows:
1
— Fraction (rate per one) of a; with respect to the total= aj.
ai+az+ - +ap
1
— Fraction (rate per one) of ay with respect to the total= as.

a1 taz+ - +an

1
Fraction (rate per one) of a, with respect to the total= Q.
ar+az+ -+ an

If we represent the percentages corresponding to (a1, as,...,a,) by an element of R” and use the definition
of the product of a number by a matrix we have,

100 100 100
( ay, ag, ...
ay+azs+---+ay a1 +az+---+ay
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100 ( )
= 1,02, ...,0y,).
ai+ags+---+ap D

For its part, if we do the same for the fractions (rates per one) we obtain

1 1 1
ai, az,. .., ap) =
ay+az+---+ap ar+az+---+an ay+az+---+ay
1
= 1,02, ... ,0p).
a1+a2+-~~+an(1 2 n)
In other words, given the distribution of quantities (a1, as,...,a,), we have that
The tuple of corresponding 100
.. (al,ag,...,an)
percentages 1s: a1 +as+---+ay,
The tuple of corresponding 1
. . (al,ag,...,an)
fractions (rates per one) is: | a; +as + -+« + an

Ejemplo 5. The consumption of raw materials in a certain industrial zone is given by: 1123 tons of steel,
820 tons of aluminum, 530 tons of plastic materials. We can represent this distribution by the 3-tuple

(1123, 820, 530) € R3.

Let’s calculate the percentages that each species represents with respect to the total:

1123
e Percentage of steel = 1001123 8207530 45.41%.
e Percentage of aluminum = 100 820 = 33.15%.
1123 4 820 + 530
. . 530
e Percentage of plastic materials = 100 = 21.43%.

1123 + 820 + 530

As we have just seen, using the definition of the product of a number by a matrix we can obtain these same
percentages through the operation

100

1123, 820, 530) = (45.41,33.15,21.43).
1123—|—820—|—530( ,820,530) = ( ’ ’ )

In the same way the tuple of fractions (rates per one) will be,

1
1123 4 820 4 530

(1123,820, 530) = (0.4541,0.3315, 0.2143).

If we had a different distribution of raw material consumptions the percentages could vary. For example
if the distribution is represented by (120,201, 150) the percentages will be,

100

— (120,201, 150) = (25.47,42.67,31.84).
120+201+150( )= )

We see that the distributions (1123,820,530) and (120,201, 150) lead to different percentages. However,
we can find different distributions that give rise to the same percentages. For example, the percentages
corresponding to the distribution (2246, 1640, 1060) are

100
2246 + 1640 + 1060

(2246, 1640, 1060) = (45.41, 33.15,21.43).
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4.6 Simplification rules and matrix equalities

’ Extension on operations and simplifications with matrices. Page 137

In different points of this chapter and the following ones we will encounter expressions and equalities that
involve operations with matrices. We know that, when handling expressions or equalities with numbers, there
exist rules that allow their simplification. In the following property we summarize the rules of simplification
that we can apply in the matrix case. It can be seen that many of them are equivalent to those we use for
numerical expressions but others require special care.

Propiedades 6.

1. Let A,B,C € My, xn, then:
A+B=A+C = B=C,
A+B=C = B=C-A
2. Let A € M,, be a regular matriz and B,C € M, xn, then:
B-A=C-A = B=C,
B-A=C = B=C-A"%.
3. Let A € M., be a reqular matriz and B,C € M., xn, then:
A-B=A.-C = B=C,
A-B=C = B=A"'!.C.
4. Letr e R, r 20 and B,C € My, «n, then:
r-B=r-C = B=C(,

r-B=C = B=--C.

S|

Proof. The proof of all points is simple using all the properties we already know about matrices. O

Remark.

e Note that in properties 2 and 3 it is fundamental that the condition that the matrix A is regular is fulfilled.
If A is a singular matrix we cannot guarantee that it is possible to simplify it nor that it is possible to solve
for it. For example, it is easily verified that

GG A6 )

:02><2 :02><2

NRTP . . . (1 1 . .
however, we cannot simplify in this equality the matrix (1 1> because if we do so we obtain

G/ 2)-GA) (2= 2)-(F )

which evidently is not true. This is due to the fact that, as we know, the simplified matrix is not regular.
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e There are other situations in which the usual rules for the manipulation of numbers cannot be applied
when we work with matrices. Thus for example, if we take the matrices A, B € M,, and we try to calculate
the product A- B - A~ we cannot perform the simplification

Ia P

because we can eliminate A with its inverse, A~!, only when they are next to each other, which is not
the case here. Note also that, since the product of matrices does not have the commutative property, in
A-B-A~" we cannot alter the order to get B- A- A~! and thus be able to simplify.

Ejemplos 7.
1) Given two matrices A, B € M,,, check if the equality holds

(A+B)?=A?+B*+2-A-B.

We have that

(A+B)? = (A+B)- (A+B)=A-(A+B)+B-(A+B)
= A-A+A-B+B-A+B-B=A>+B>+A-B+B-A

and then

(A+ B)? A*+B*+2-A-B

A+ B’+A-B+B-A A4+ B?>+2.-A-B

<= I < I < I & |
[\
S
Sy

A-B+B-A
A-B+B-A A-B+A-B
B-A A-B

Therefore the equality proposed in the example will be correct only if it holds that B- A = A - B which
in general is not true. The equality will hold only for those matrices A and B that make the equality true

B-A=A-B.

2) Simplify the expression (A+ B)?> — A-(A+ B) — (B+ A) - B.
Using some of the equalities obtained in the previous exercise we have:
(A+B)?-A-(A+B)—-(B+A) B
= A’+B*+A-B+B-A-A*-A-B-B*-A-B
= B-A-A-B.

3) Simplify the expression

t

—2. A" B—(B'-A) + [B'- A+ (A*- BY)]".
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We have that

—2. A" B—(B'- A)' + [B'- A+ (A"- B
_ _Q_At_B_At_Btt_F(Bt.A)t_F((At_Bt)t)t
— —2.A'".B—A".B+A".B"+ A B!
= A'".B'-2.A'".B=A"-(B'-2.B).

4) Calculate the matrices X, Y € My that satisfy the following equalities:

1 -2

2-X-5.Y = 0 1)

2 1

-X+3-Y = 3 3)

If we multiply the second equation by 2 we obtain
1 -2
2-X-5.Y = 0 1)
2 1\ °

-2.X+6-Y = 2-(3 3>

adding both equations

e ()6 Y

and finally, using the second of the equations we had at the beginning:
2 1 15 0 2 1 13 -1
X=3¥- (3 3) B <18 21) B <3 3> B (15 18)'
5) Calculate the matrices Cy and Co that satisfy:
11 2 0 1 1 2 0
9 (o)e=(1) welio)-0 )

Using exercise 1 from page 134 we know that the matrix <1 é) is regular and that its inverse is:

() -G )

Since the matrix is regular we can solve for it obtaining:
0—1171~20—01-20—11
=\1 o 1 1) \1 -1 1 1) \1 —1)°
0_20.11*1_20.0 1\ _ (0 2
271 1 1 o) ~\1 1)1 —-1)" \1 o)
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4.7 Matrix models based on powers of matrices

‘ Extension of concepts about powers of matrices. Page 137

The product and the power of matrices are fundamental in the formulation of the most important matrix
models.

Suppose we are studying a phenomenon in which several magnitudes aq, ao, ..., ax intervene that vary
with respect to time. If we study that phenomenon over several periods, n = 0 (initial period), n = 1,
n = 2, etc., the magnitudes aq, as, ..., ar will take different values. If we arrange in tuple form the value of
the magnitudes in each period n, we will obtain a list of k-tuples, Py, Py, ..., P, that provide us with the
information of the phenomenon in each period.

The important thing here would be to be able to calculate the k-tuples corresponding to future periods
so that we can predict the evolution of the phenomenon. It is then when the calculation of matrix powers
comes into play because in numerous situations, if we know the initial situation of the phenomenon, that is,
we know the tuple Py corresponding to the initial period n = 0, we can calculate the tuple of any period n

by means of a formula of the type
P,=A" Py,

where A is a square matrix of order k which is called the transition matrix and which governs the changes
that the phenomenon experiences from one period to the next.

We will illustrate this better next with a classic example of a matrix model based on the powering of
matrices.

Ejemplo 8. Suppose that in a certain commercial sector three companies compete, which we will call A, B
and C. From one year to the next, the customers of each of them decide to remain loyal or switch to one of
the others. A study is carried out on the movements between the three companies and it is observed that
year after year the customers show a similar behavior determined by the data in the following table:

Customers | Customers | Customers
of A of B of C
Switch to become customers of A 80% 10% 10%
Switch to become customers of B 10% 60% 20%
Switch to become customers of C 10% 30% 70%

For example, we see that each year 80% of the customers of A remain loyal to A, 10% switch to B and 10%
to C.

Suppose also that in the year the studies began, the company A had 210 customers, B had 190 and C,
320.

We are going to set up a matrix model to study this problem. Assuming that the year k = 0 is the year

the study of the customers of the three companies began, we will call:

e Ay = number of customers of company A after k years.
e B = number of customers of company B after k years.

e (y, = number of customers of company C after k years.

The information for each year will be grouped into a column tuple which we will denote as Py,



According to the problem data we have that Ag = 210, By = 190 and Cy = 320 so that

210
Py=|190
320

Applying the transition table it is easy to calculate the customers that will be in each company if we know
those that were there the previous year. Thus, if in year k we have Ay in A, By in B and C} in C, in year
k + 1 we will have:

° Ak+1 = 80% of Ap+10% of Br+10% of C), = 0.84; + 0.1B;, + 0.1C}.
——

customers in A in year k + 1

® Biy1 = 10% of Ap+60% of Brp+20% of C) = 0.1Aj + 0.6B, + 0.2C%.
——

customers in B in year k + 1

o Cpy1 = 10% of A+30% of By+70% of Cy, = 0.14; + 0.3By, + 0.7C},
——

customers in C in year k + 1

Writing all this information in a column and using the definition of the product of matrices, it is easy to
realize that

0.8A4; +0.1By + 0.1C}, 0.8 0.1 0.1 Ay, 0.8 0.1 0.1
Poir = [0.14;, +06B, +020, | = (01 06 02| -|B.|={01 06 02]: P
0.1A; + 0.3By + 0.7C}, 0.1 0.3 0.7 Cy 0.1 0.3 0.7
0.8 0.1 0.1
Calling A= [ 0.1 0.6 0.2], in short we have proven that
0.1 0.3 0.7
P = AP,
We therefore have,
P, = AP,
P, = AP
P, = AP,
P, = AP
etc.

Then, if we want to calculate P, according to this scheme, since the only data we know are those of the
initial year, i.e. Py, we will have to calculate first P;, then P, and P3 and finally P;. Now, we have that

P, = AP, = A(APy)) = (AA)Py = A’P,.
P3; = AP, = (using the previous equation) = A(A?Py) = (AA*)Py = A*P,.
P, = AP; = (using the previous equation) = A(A3Py) = (AA%)Py = A*P,.

Then using powers of matrices we can calculate Py without needing to obtain beforehand Py, P;, P> and
Ps. In reality, it is evident that this process can be applied iteratively as many times as we want so that, in

general,
[Pe= AR (4.5

What we see here is that the distribution of customers in year k, Py, is determined by the initial distribution,
Py and the k-th power of A. The matrix A regulates the passage from one year to the next and is the
transition matrix for this problem.
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Since we know the initial distribution of customers, Py, we can easily calculate the distribution in suc-
cessive years. To do this, we calculate several powers of A:

0.8
0.1
0.1

0.8
0.1
0.1

0.8
0.1
0.1

A?=AA =

A= AA% =

At = AL =

Using these calculations with equation (4.5) we have that

P, = AP,
Py, = AP,
Py = AP,
P, = A*P,

0.1
0.6
0.3

0.1
0.6
0.3

0.1
0.6
0.3

0.1 0.8 0.1 0.1 0.66 0.17 0.17

0.2 0.1 06 02| =016 043 0.27

0.7 0.1 0.3 0.7 0.18 0.4 0.56

0.1 0.66 0.17 0.17 0.562 0.219 0.219

0.2 0.16 043 0.27) =10.198 0.355 0.291

0.7 0.18 04 0.56 0.24 0.426 0.49

0.1 0.562 0.219 0.219 0.4934 0.2533 0.2533
0.2 0.198 0.355 0.291 ) = | 0.223 0.3201 0.2945
0.7 0.24 0.426 0.49 0.2836 0.4266 0.4522

210 (219

0.8 01 0.1

0.1 0.6 0.2 190 | = [ 199

0.1 0.3 0.7 320 302

0.66 0.17 0.17 210 225.3

0.16 0.43 0.27 190 | = [ 201.7

0.18 0.4 0.56 320 293

0.562 0.219 0.219 210 229.71
0.198 0.355 0.291 190 | = [ 202.15
0.24 0.426 0.49 320 288.14
0.4934 0.2533 0.2533 210 232.797
0.223 0.3201 0.2945 190 | = | 201.889
0.2836 0.4266 0.4522 320 285.314

After performing all these operations, it is evident that the greatest obstacle is the calculation of the
powers of A due to the fact that it is not a diagonal matrix. Up to the fourth power the calculation could
be done manually but if we wanted higher powers like 429 or 439, it seems essential to resort to other
techniques. On the other hand, once this model is set up, several issues arise to be solved:

a) Is it possible to study the future trend in the distribution of customers? Even more interesting
than calculating the customers in a specific year would be to be able to describe the future
behavior by determining if the customers tend to choose with greater priority one of the
three companies or if on the contrary they distribute themselves in a homogeneous way

among them.

b) Do equilibrium distributions exist? For example, the presidents of the three companies could
try to agree to distribute the customer market so that it remains constant from one year to
the next. For this, we should choose an initial distribution of customers

such that the distributions in subsequent years, Py, P>, Ps, etc. are always equal. If the
distributions of customers in year zero and in year one are equal we will have Py = P; and
since we know that P; = APy we deduce that

.

If we find an initial distribution, Py, that satisfies this last condition, it is not difficult to
check that the distribution in all subsequent years is always the same since

P = AP =F,
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P, = AP, =APy=PF,,

P; = AP,=APy= P,

P, = AP3y=APy= P,
etc.

For example if Ay = 600, By = 500, Cy = 700 then Py = (600,500,700) and it is easy to
check that

600 600
APy=A|500| = [700] = P,.
700 500

Therefore, since the condition APy = P, is satisfied, in all subsequent years we will always
have the same distribution of customers given by the 3-tuple (600, 500, 700).

c¢) If the total number of customers is increasing or decreasing each time, it will be impossible
for the number of customers of the three companies in subsequent years to remain constant.
In such a case, the presidents could agree that at least the percentages of customers for each
company are the same in all years. It is simple to prove that the distributions of customers
in the initial year, Py, and in year one, P;, represent the same percentages if we can find
A # 0 such that P, = AF,. Since P, = AP, we conclude that

(AR =3%].

In this case we ask about the way to calculate the value A and the initial distribution Fp.
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